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DEPENDENCE PROBLEM 
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Abstract. The dimension datum of a closed subgroup of a compact Lie group is the 
sequence of invariant dimensions of irreducible representations by restriction. In this 
article we classify closed connected subgroups with equal dimension data or linearly 
dependent dimension data. This classification should have applications to the isospectral 
geometry and automorphic form theory. We also study the equality /linear dependence 
of not necessarily connected subgroups of unitary group acting irreducibly on the natural 
representation. 



Contents 

1. Introduction [l| 

2. Root system in a lattice 

3. The Larsen-Pink method [l(] 

4. Comparison of different conjugacy conditions [17 

5. Formulation of the problems in terms of root systems [IS 

6. Classification of sub-root systems |2C 

7. Formulas of the leading terms [23 

8. Equalities among dimension data [25 

8.1. Classical irreducible root systems [31 

8.2. Exceptional irreducible root systems [35 

9. Linear relations among dimension data [37 

9.1. Algebraic relations among {a n , b n , b' n , c n , d n \ n > 1} [38 

9.2. Classical irreducible root systems |41 

9.3. A generating function |44 

9.4. Exceptional irreducible root systems |46 

10. Comparison of Question 11.21 and Question 15.21 [55 

11. Irreducible subgroups [61 
References 65 



1. Introduction 

Given a compact Lie group G, the dimension datum S>h of a closed subgroup H of G 
is the map from G to Z, 
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where G is the set of equivalence classes of irreducible finite-dimensional complex linear 
representations of G and V H is the subspace of .ff-invariant vectors in a complex linear 
representation V of G. 

In number theory, dimension data arose from the determination of some monodromy 
groups (cf. [K]). In the theory of automorphic forms, Langlands (|Laj) has suggested to 
use dimension data as a key ingredient in his program "Beyond Endoscopy" . The idea is 
to use the dimension datum to identify the conjectural subgroup X H 7T C Lc S associated to 
an automorphic representation 7r of ^(A), where Lc S is the L-group of £f in the form of 
[Bo, 2.4(2)]. In differential geometry, the dimension datum 3>h is related to the spectrum 
of the Laplace operator on the homogeneous Riemannian manifold G/H. 

Let H C G be compact Lie groups. The dimension datum problem asks the following 
question. 

Question 1.1. To what extent is H (up to G-conjugacy) determined by its dimension 
datum 2)h ? 

In [LPj . Larsen and Pink considered the dimension data of connected semisimple sub- 
groups. They showed that the subgroups are determined up to isomorphism by their 
dimension data (cf. [LPJ, Theorem 1), and not up to conjugacy in general (cf. |LP| . The- 
orem 3). Moreover, they showed that the subgroups H are determined up to conjugacy 
if G = SU(n) and the inclusions H SU(n) give irreducible representations of H on C n 
(cf. [LP], Theorem 2). 

In [Laj . Subsections 1.1 and 1.6, Langlands raised another question (cf. |AYY| . Question 
5.3) about dimension data. If this question has an affirmative answer, then it will facilitate 
a way of dealing with the dimension data of using trace formulas. However, Langlands 
suspected (cf. [Laj . discussions following Equation (14)) that in general this question has 
an affirmative answer. As observed in [AYY], this question proposed by Langlands is 
equivalent to the following question that we shall call the linear dependence problem. 

Question 1.2. Given a list of finitely many closed subgroups Hi, . . . , H n of G with Q>ii i ^ 
for any i ^ j, are ^h±, ■ ■ ■ , &H n linearly independent? 

In [AYYj . jointly with Jinpeng An and Jiu-Kang Yu, we have given counter-examples 
to show that the affirmative answer to Question 11.11 (or II .2 j) is not always positive. In 
this paper, we classify closed connected subgroups with equal dimension data or linearly 
dependent dimension data. The method of this classification is as follows. 

Given a compact Lie group G we choose a bi- invariant Riemannian metric m on it. For 
a closed connected torus T in G, we introduce root systems on T. Among the root systems 
on T, there is a maximal one, denoted by fy, which contains all other root systems on T. 
For each reduced root system $onT and a finite group W acting on to = Lie T satisfying 
some condition (cf. Definition I3.12p . we define a character F$ w. In particular, this 
definition applies to the finite group r° := Nq(T)/Cg(T). We define another root system 
^>' T on T as the sub-root system of W T generated by the root systems of closed connected 
subgroups H of G with T a maximal torus of H. Moreover we show that the Weyl group 
of fy' T is a sub-group of r°. By Propositions 13.151 and l3~TB"l we show that the dimension 
datum problem (or the linear dependence problem) reduces to comparing the characters 
{F$ r°| C ^t} (or finding linear relations among them). We propose Questions 15.11 and 
15.21 They are concerned with the characters associated to reduced sub-root systems of a 
given root system ^. In the next two sections we solve these two questions completely. 
We reduce both questions to the case where \E' is an irreducible root system. In the case 
that ^ is a classical irreducible root system, the classification of sub-root systems of Vl/ is 
well-known. In [LP], Larsen and Pink defined an algebra isomorphism E taking characters 
of sub-root systems to polynomials (cf. Lemma 18.51 and Definition 18. 6p . In this case we 
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solve Questions 15.11 and 15,21 by getting all algebraic relations among polynomials in the 
image of E. The relations of some polynomials given in Propositions 18.111 and 19.31 are 
most important. In the case that is an exceptional irreducible root system, Oshima 
classified sub-root systems of ^ (cf. |Usj ). In [LPj . the authors defined a weight 25$ for 
each reduced sub-root system 3> of We give the formulas of these weights in the Tables 
2-9. We also define and calculate a generating function for each reduced sub-root system 
of \& (cf. Definition I9.12|) . With these, we are able to find and prove all linear relations 
among the characters of reduced sub-root systems of ^. Therefore we solve Questions ED 
and 15.21 completely. 

Given a connected closed torus T in G, the finite group T° palys an important role 
for the dimension data of closed connected subgroups H of G with T a maximal torus of 
H. In Proposition 13.91 we show that T° supWq,^, where *$>' T is the sub-root system of &t 
generated by root systems of closed connected subgroups H of G with T a maximal torus 
of H. On the other hand, in Proposition ll0.6l we give a construction showing that the finite 
group r° could be arbitrary providing that it containing W^i . These supplements show 
that our solution to Questions 15.11 and 15.21 actually give all examples of closed connected 
subgroups with equal dimension data or linearly dependent dimension data. 

In the last section, we study the equalities and linear relations among dimension data 
of closed subgroups of U(n) acting irreducibly on C n . For nonconnected irreducible sub- 
groups, we give ineteresting examples with equal or linearly dependent dimension data 
for n = 16 and n = 12 respectively. We also show that the dimension data of closed 
connected irredicible subgroups are actually linearly independent. This strengthens a 
theorem of Larsen and Pink. The proof is identically theirs. The writing of this section 
is inspired by questions of Peter Sarnak. 

The following theorem is a simple consequence of our classification of subgroups with 
equal dimension data. It follows from Proposition 13.161 Theorem 18 .1| Theorem 18 . 1 3 1 and 
Theorem 18.141 

Theorem 1.1. If two compact Lie groups H,H' have inclusions to a compact Lie group 
G with the same dimension data, then after replacing each ideal of LieH and LieH' 
isomorphic to u(2n + l) (n > 1) by an ideal isomorphic to Sp(n) ©50(272 + 2), the resulting 
Lie algebras are isomorphic. 

The classification of subgroups with linearly dependent dimension data is more com- 
plicated. The following theorem is a simple consequence of this classification. It follows 
from Propositions 19. 9| 19.111 and 19.211 In the case of type B2, B3 or G2, we also have a 
linear independence result. The proof requires some consideration of possible connected 
full rank subgroups. 

Theorem 1.2. Given G = SU(n) or a compact connected Lie group isogeneous to it, for 
any list {H\,H2, ■ ■ ■ ,H S } of non- conjugate connected closed full rank subgroups of G, the 
dimension data @h± , S > H 2 1 ' ' ' > ^H s are linearly independent. Given a comapct connected 
Lie group G with a simple Lie algebra Qq, if Qq is not of type A n , B2, B3 or G2, then there 
exist non-conjugate connected closed full rank subgroups Hi, H2,...,H S of G with linearly 
dependent dimension data. 

The organization of this paper is as follows. In Section [2j after recalling the definitions 
of root datum and root system, we define root system in a lattice. In Proposition 12.101 
we show that a given lattice contains a unique maximal root system in it. In Section [3l 
given a compact Lie group G with a biinvariant Riemannian metric m, we define root 
systems on T and a maximal one among them. For each reduced root system $ on 
T and a finite group W acting on T satisfying some condition, we define a character 
F§ t w Moreover, we discuss properties of these characters {i*i,w}- Most importantly, 
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in Propositions 13,151 and I3.16} we reduce the dimension datum problem and the linear 
dependence problem to compare these characters and getting linear relations among them. 
In Section^ we discuss the relations between several finite groups r°, T, Wyi , W^ T and 
Aut^r)- In particualr we prove that W^i C r°. Moreover, we discuss the connection 
between conjugacy relations of root systems of subgroups with regard to some of these 
finite groups and relations of the subgroups. In Section [5j we formulate two questions 
in terms of characters of reduced sub-root systems of a given root system. If the finite 
group T° contains W^ T , then these two questions are equivalent to the dimension datum 
problem and the linear dependence problem, respectively. In Section [61 we discuss the 
classification of reduced sub-root systems of a given irreducible root system. In Section 
given an exceptional irreducible root system ^fQ, we gi ye the formulas of the weights 
{25 §\ $ C ^o}- In Section [51 given a root system we classify reduced sub-root systems 
of with equal characters i ? $ i Aut(i')- This solves Question [5J] In Section [91 given a root 
system we classify reduced sub-root systems of \£ with linearly dependent characters 
F^ w ^y This solves Question 15.21 In Section [IUJ given a root system Vf' and a finite 
group W containing we give examples of a compact connected simple Lie group G 
and a connected closed torus T in G satisfying that: dimT = rank^', V?' C and 
is stable under r°, r° = W as groups acting on vp' and each reduced sub-root system <I> 
of vp' equals the root system of a closed connected subgprup H with T a maximal torus 
of H. In Section [TT1 we give interesting examples of irreducible subgroups of U(n) with 
equal dimension data or linearly dependent dimension data, and show that connected 
irreducible subgroups of U(n) actually have linearly independent dimension data. 

Notation and conventions. Given a compact Lie group G, 

(1) denote by Go the subgroup of connected component of G containing the identity 
element and [G, G] the commutator subgroup. 

(2) Let go = Lie G be the Lie algebra of G. 

(3) Write G^ for the set of conjugacy classes in G; 

(4) Denote by G the set of equivalence classes of irreducible finite-dimensional complex 
linear representations of G. 

(5) Let hq be the unique Haar measure on G with f G I/iq = 1- 

(6) Write V G for the subspace of G-invariant vectors in a complex linear representation 
V of G. 

(7) Given a maximal torus S of G, let Wq = Ng(S)/Cg(S) be the Weyl group of G. 
Then the quotient space S/Wq is a connected component of G\ Moreover, in the 
case that G is connected, they are identical. 

(8) Given a closed subgroup H of G, denote by st# the push-measure on G^ of \iu 
under the composition map H ^ G — > G\ It is called the Sato- Tate measure of 
the subgroup H. 

(9) For any complex linear representation p of G, &h{p) = f H Xp{ x )^H = stff(xp), 
where x)j is a continuous function on induced from the character function xp of 
p. In this way, the dimension datum @h and the Sato- Tate measure st# determine 
each other. 

Given a compact Lie group G and a closed connected torus T, let T) be the set 
of non-zero weights of g = go ®R C as a complex linear representation of T. In Section [21 
we explain that in some cases $(G, T) is a root system. 

Given a lattice L, 

(1) write Lq = L <S>% Q for the rational vector space generated by L. 

(2) Let Q[L] be the group ring of L over the field Q. 
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(3) For any element A G L, denote by [A] the corresponding element in Q[L]. Then, 
for any A, \i G L and n G Z, [X][fi] = [A + /i] and [A] n = [n\]. 

Given an abstract root system <3? (cf. Definition 12.5ft . 

(1) denote by Z<£> the root lattice spanned by and by Q<3? = Z<I> ®% Q the rational 
vector space spanned by $>. 

(2) Choosing a positive definite inner product (•, -) m on Q<I> inducing the cusp product 
on <£ (which always exists and is unique if and only if $ is irreducible), write 

A$ = {A G Q$| 2(A '" )m G Z, Va G 
(a,a) m 

for the lattice of integral weights. One can show that A$ does not depend on the 
choice of the inner product m on Q<I> if it induces the cusp product on <&. 

(3) Let $° be the subset of short vectors in <3?: for any a G 3>, a G $° if and only if 
for any other j3 G > |a| or (a,/3) = 0. One can show that <I> is a sub-root 
system of <£. 

(4) If V is a rational (or real) vector space with a positive definite inner product (•, -) m 
containing let 

A„(V) = {XeV\ 2(A,Q : )?n G Z, Va G 
(a,a) m 

Then A$(V) is the direct sum of A$ and the linear subspace of vectors in V 
orthogonal to all vectors in <!>. 

(5) Given a subset J of $, we call the minimal sub-root system of <J> containing X 
(which exists and is unique) the sub-root system generated by X, and denote it 
by (A). 

Write 

T k = {diag-Tzi, z 2 , ■ ■ ■ , z k }\ N = \z 2 \ = ■■■ = \z k \ = 1}. 

We follow Bourbaki numbering to order the simple roots (cf. |Bouj . Pages 265-300). 
Write uji for the i-th fundamental weight. 

Acknowledgements. This article is a sequel of |AYY| . The author is grateful to Jinpeng 
An and Jiu-Kang Yu for the collaboration. He is also grateful to Brent Doran, Richard 
Pink, Gopal Prasad, Peter Sarnak and Jiu-Kang for helpful discussions and suggestions. 

2. Root system in a lattice 

In this section, after recalling the definitions of root datum and root system in a Eu- 
clidean vector space, we define root system in a lattice. Moreover, given a lattice, we show 
that it possesses a unique root system in it which contains all other root systems in it. 
Here lattice means a finite rank free abelian group with a positive definite inner product. 
Our discussion mostly follows |Bouj . |Kn] and |Sp| . However there exist minor differences 
between our definitions and definitions in each of them. For example, our definition of 
abstract root system is different from that in [Knj . and we allow our root systems to be 
neither reduced nor semisimple, in contrast to all of the above references. 

Defined as in |Sp| , a root datum is a quadruple (X, R, X* , R*) together with some 
additional structure (duality and the root-coroot correspondence). 

Definition 2.1. A root datum consists of a quadruple (X, R, X* , R*), where 

(1) X and X* are free abelian groups of finite rank together with a perfect pairing 
between them with values in Z which we denote by (,) (in other words, each is 
identified with the dual lattice of the other). 
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(2) R is a finite subset of X and R* is a finite subset of X* and there is a bisection 
from R onto R* , denoted by a i-> a* . 

(3) For each a, (a, a*) = 2. 

(4) For each a, the map taking x to x— (x, a*)a induces an automorphism of the root 
datum ( in other words it maps R to R and the induced action on X* maps R* to 
R*). 

Two root data (X± , R\ , X* , i?* ) and (X%, R2, X% , R\) are called isomorphic if there exists 
a linear isomorphism f : X\ — > Xi such that f(R\) = /(-R2); {f*)~ 1 (Ri) = R2 an< ^ 
/(a)* = ((/*) _1 )(a:*) for any a G R\. Here, f* : X| ->■ X{ is the dual linear map of f 
and (f*)^ 1 is its inverse. 

The elements of R are called roots, and the elements of R* are called coroots. If R does 
not contain 2a for any a in R, then the root datum is called reduced. To a connected 
compact Lie group G with a maximal torus S, we can associate a reduced root datum 
RD(G, S), whose isomorphism class RD(G) depends only on G. Two connected compact 
Lie g roups Gj G are isomorphic if and only if RD(G) and RD(G') are isomorphic. 

A root system in a Euclidean vector space is a finite set with some additional structure. 

Definition 2.2. Let V be a finite- dimensional Euclidean vector space, with an inner 
product m denoted by (-,-) m . A root system in V is a finite set $ of non-zero vectors 
(called roots) in V that satisfy the following conditions: 

(1) For any two roots a and j3, the element (3 — (a'a)™ a ^ ( ^ > ' 

(2) (Integrality) For any two roots a and (3, the number 2 ^'^ m is an integer. 

Given a root system $ in a Euclidean vector space V with an inner product m, we call 
s a '■ y — > V defined by 

Sai X) = X-^l^HL a7 VA S V 
{a,a) m 

the reflection corresponding to the root a. 

Moreover, a root system $ in a Euclidean vector space V is called semisimple if the 
roots span V. It is called reduced if the only scalar multiples of a root x 6 $ that belong 
to $ are x and —x. 

To a connected compact semisimple Lie group G with a maximal torus S, we can 
associate a reduced semisimple root system R(G, S), whose isomorphism class RD(G) de- 
pends only on G. Two connected compact semisimple Lie groups G, G' having isomorphic 
universal covers if and only if R(G) and R(G") are isomorphic. 

There are several different notions of lattice in the literature. 

Definition 2.3. A lattice is a finite rank free abelian group with a positive definite inner 
product. 

Now we define root systems in a lattice. 

Definition 2.4. Let L be a lattice with a positive definite inner product m denoted by 
(■,-) m . A root system in L is a finite set $ of non-zero vectors (called roots) in L that 
satisfy the following conditions: 

(1) For any two roots a and (3, the element f3 — 2 ^^ m a G <J>. 

(2) (Strong integrality) For any root ct and any vector A € L, the number ^ a ^ m 
is an integer. 
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Given a root system $ in a lattice L with an inner product m, we call s a : L — >• L 
defined by 

Sa (A) = A- 2(A,Q ; )m a, VAgL 
(a,a) m 

the reflection corresponding to the root a. 

Moreover, a root system f in a lattice L is called semisimple if the roots span V = 
L <g)g R. It is called reduced if the only scalar multiples of a root x G $ that belong to 
are x and —x. 

If $ C L is a root system in L, then it is a root system in V = L ®z R. Conversely, 
if <I> C L is a root system in V, it is not necessarily a root system in L. For example, 
let L = Zei be a rank 1 lattice with (ei,ei) > and V = Rex- Then for any k G Z>o, 
{±/cei} is a root system in V. However {±ke±} is a root system in L only if k = 1 or 2. 
This example indicates that strong integrality is strictly stronger than integrality. 

Definition 2.5. Given a root system & in a Euclidean vector space or a lattice with a 
positive definite inner product m, we call 

i \ 2(x, y) m 
\Vi x ) = 7 7— 

\X, X) m 

the cusp product on <I>. Overlooking the Eulidean space or the lattice containg <£, we call 
<3? with the cusp product on it an abstract root system. 



Different with the above definiton, an abstract root system as defined in the book |Kn| 
is simply a semisimple root system in a Euclidean vector space in our sense. 

Proposition 2.6. Given an abstract root system for two roots a G 3> and /3 G #, let 
k\ = max{A; G Z| f3 + ka G $} and £?2 = niax{fc G Z| /3 — ka G $}. TTien a) = &2 — k\. 

Proof. Applying the reflection s a , we get ((3 + k%a, a) + ((3 — A^a, a) = 0. Thus a) = 
&2 — A;i follows from (a, a) = 2. □ 

Definition 2.7. ^4n abstract root system <!> u>i£a a cusp product (•,•) is called irreducible 
if there exist no non-trivial disjoint unions <3? = <3?i (J $2 suca iaai (or, 02) = /or any 
ai G $i and Q2 G $2- ^4 roo£ system & in a Euclidean vector space or in a lattice is called 
irreducible if it is semisimple and irreducible as an abstract root system. 

Definition 2.8. Given a root system & in a Euclidean vector space V with a positive 
definite inner product m, denote by Aut(<3?,m) the group of linear isomorphisms ofV sta- 
bilizing <I> and preserving the inner product m, and by W§ the group of linear isomorphisms 
of V generated by {s a \ a G 3>}. 

Given a root system $ in a lattice L with a positive definite inner product m, write 
Aut(<&, m) for the group of linear isomorphisms of L stabilizing and preserving the inner 
product m, and W§ for the group of linear isomorphisms of L generated by {s a \ a G 

Given an abstract root system with a cusp product (•,•), let Aut( < I > ) be the group of 
permutations on 3> preserving its cusp product, and by W$ the group of permutations on 
<3? generated by {s a \ a G 

By definitions we have 

W$ C Aut($,m), 
and the restriction on gives a homomorphism 

7T : Aut($,m) -)■ Aut($>). 

Given a root system <!> in a Euclidean vector space V, we have the following character- 
ization of lattices L in V such that is also a root system in L. 
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Proposition 2.9. Given a Euclidean vector space V with a positive definite inner product 
m denoted by (■,■), let $ be a root system in V. Then for any lattice L C V, <3? is a root 
system in L if and only if Z$ ClC A$(V). 

Proof. Suppose $ is a root system in L. Since $ C I, Z$ C L. On the other hand, by 
the condition strong integrality in Definition 12.41 L C A$(V). Hence Z<£ CLC A$(V). 

Suppose Z<I> C L C A$(V). Then $ C I and strong integrality holds. On the other 
hand, since $ is a root system in V, it is stable under the reflections {s x \ iff). Hence 
$ is a root system in L. □ 

Recall that a root system $ in a Euclidean space (or in a lattice) with an inner product 
m is called simply laced if it is irreducible and (a,a) m = (/3,/3) m for any a,f3 G <£. 
Similarly, an abstrct root system $ is called simply laced if it is irreducible and its cusp 
product takes values in the set {0, 1, —1}. 

An embedding (resp. isomorphism) of root systems in lattices 

/ : (L,$,m) — »• (L 1 , <3?', ml) 

is a Z-linear bijection / : L — > V which is an isometry with respect to (to, m') and 
satisfying that /(<&) C (resp. /($) = $'). If L = L', m = ml and / is the identity, 
we simply say that $ is a sub-root system of Similarly, we define embeddings and 
sub-root systems for root systems in Euclidean vector spaces. 

We remark that in the literature, root systems in a Euclidean vector space are often 
required to be semisimple and/or reduced (e.g. |Humj and |Knj ) . We require neither. 
And it is essential for us to include the inner product in our definition of root systems in 
a Euclidean vector space or in a lattice. 

For simplicity, we abbreviate as root system for a root system in a Euclidean vector 
space, a root system in a lattice or an abstract root system simply when it is clear from 
context which is intended. A root system in a lattice (L,&,m) (or a root system in a 
Euclidean vector space (V, <£, m)) will be denoted simply by $ in the case that the lattice 
L and the inner product m (or the Euclidean vector space V and the inner product m) 
are clear from the context. 

Proposition 2.10. Given a lattice L with a pisitve definite inner product m denoted by 
(•, -) m , there exists a root system in L containing all other root systems in L. The root 
system $ l is uniquely determined by this characterization. 

Proof. Define 

* L = {0 ^ a G L\ 2(A '" )m G Z,VA G A}. 
(a,a) m 

We show that ^> l satisfies the desired conclusion. 

First we show that f ^ is a root system in L. Obviously ^ l satisfies the condition (2) 
in Definition 12.41 For any a,/? G $ and any A G L, 

III 

2(s a (A),fl) m 
(A/3)m 

2(X,/3) m 2(A,a) m 2(a,/?) m 
{/3,P) m (a,a) m {P,P) m ' 
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Since a, /3 G ^ i and a,A£l, the number in the last line is an integer. Hence the vector 
s Q (/3) is contained in ^>l. This proves the condition (1). Therefore is a root system 
in L. 

By the condition strong integrality in Definition 12.41 ^ l contains all other root systems 
in L. This indicates that ^> l is unique with this characterization. □ 

From Proposition 12.101 and its proof, we see that the condition strong integrality really 
matters. In the following proposition, we give some examples of root systems in lattices. 
These root systems will be used in the proof of Proposition 110.11 

Proposition 2.11. Let G be a connected compact Lie group with a biinvariant Riemann- 
ian metric m, T a connected closed torus inG, L = Hom(T, U(l)) the weight lattice, and 
m the induced positive definite inner product on L. Then the set &(G,T) of non-zero 
T -weights in g = qq <g)]R C is a root system in L in the case that 

(1) T is a maximal torus of G, 

(2) there exists an involutive automorphism 9 of qq and Lie T is a maximal abelian 
subspace of Q^ e = {X G Qo\8(X) = —X}, or 

(3) 0o = so (8) and LieT is conjugate to a Cartan subalgebra of a (unique up to 
conjugacy) subalgebra of Qo isomorphic to g 2 - 

Proof. We prove (1) first. It is well-known that $(G, T) is a root system in L ®z K = 
HoniR(LieT, ilR). Thus it satisfies the condition (1) in Definition 12.41 We need to show 
that it satisfies the condition (2). Write r = dimT = rankG. For each a G ^(G, T), there 
exists a homomorphism (cf. [Kn|, Pages 143-149) 

f a : SU(2) x U(l) r " 1 — > G 

such that / a (U(l) r-1 ) = (ker a)o, f a (T' x U(l) r_1 ) = T, and the complexified Lie algebra 
of / Q (SU(2)) is the subalgebra corresponding to the root a. Here T' is the subgroup 
of SU(2) of diagonal matrices. We have T" = U(l) and this gives a linear character cto of 
T' . We can normalize ao such that a o (/ q |t') equals 2ao . Let 

W = N G (T)/C G (T), 
n a = f a ((® 1 J J) 

and 

s a = Ad(n a ) G W. 

For any A G L, let kao = A o (fair')- Then k G Z. We prove that (2A — ka, a) m = 0. This 
is equivalent to s a {2\ — ka) = 2A — ka, and also equivalent to 

(1) (2A- ka)(s a (H)) = (2X-ka)(H) 

for any H G LieT. Write H as H = H x + H 2 where H x G Lie(/ Q (T')) and H 2 G Lie(ker a). 
Then we have s a (Hi) = —Hi and s a {H2) = i?2- By this Equation ([1]) is equivalent to 
(2A — ka){H\) = 0. This follows from kao = A o {f a \T>) and a o (/ q |t') = 2«o- Thus 

2(A,a) m _ 2(|q,q) m _ ^ 
(a,a) m (a,a) m 
Hence $(G, T) satisfies the condition (2) in Definition 12.41 

The proof for (2) is similar as the proof for (1). In [Kn| . Pages 379-380, it is proven that 
<&(G, T) is a root system in L ®z K = HoniR(LieT, ilR). Thus it satisfies the condition (1) 
in Definition 12.41 Similar as in the above proof, there is an reflection s a G Ng(T)/Cg{T). 
Using it we are able to show that <I>(G,T) satisfies the condition (2) in Definition 12.41 



10 



JUN YU 



For (3), let H denote a closed subgroup of H isomorphic to G2 and with T a maximal 
torus of H. Then we have <E>(G, T) = <fr(H,T). In this way (3) follows from (1). □ 

In the thory of integral lattice, there is a notion of root system of a lattice, which is 
different with our discussion here. 

Remark 2.12. Given a lattice L with a positive definite inner product m denoted by 
(•, ■), it is called an integral lattice if (Ai, A2) £ Z for any X±, A2 £ L. In this case the set 
X = {A £ L\ (A, A) = 1 or 2} is called the root system of L. In general X is a proper 
subset of ' VP l- 

Remark 2.13. Root systems (in Euclidean vector spaces) classify compact connected Lie 
groups up to isogeny, however root data classify them up to isomorphism. Hence the 
difference between root datum and root system in a Euclidean vector space is clear. In 
another direction, we think that root datum and root system in a lattice should be equivalent 
objects. That is to say, there should exist a construction from a root datum to a root system 
in a lattice, and vice versa. 

3. The Larsen-Pink method 

In this section, given a compact Lie group G with a biinvariant Riemannian metric m 
and a closed connected torus T in G, we define root systems on T and get two specific 
root systems $>t and *$>' T . Moreover, we define a character F$ t w for each root system <E> 
on T and a finite group W acting on the Lie algebra of T and satisfying some condition 
(cf. Definition I3.12p . We study properties of the character F$ w and their relation with 
dimension data. In this way, we reduce the dimension datum problem and the linear 
dependence problem to comparing these characters and getting linear relations among 
them. 

Let G be a compact Lie group with a biinvariant Riemannian metric m. For a closed 
connected torus T contained in G, let 

A r = Hom(T, 17(1)) 

be the integral weight lattice of T and Aqt = Ay (8>z Q the Q-weight space of T. By 
restriction the Riemannian metric m induces an inner product on the Lie algebra to = 
LieT of T. Denote it by m as well. Write (to)* = Horn^to, K) and (to)*-. = HoniR(to,C). 
Then (to)* C (to)c and (to)c = (to)* © i(to)*- Since m is positive definite, in particular 
non-degenerate, the induced linear map 

p:to^(to)* = Hom K (to,K) 

is a linear isomorphism. For any \, fi £ (to)*, let 

(X,n) m = -(p~ 1 \,p~ 1 IJ,) m . 

Then (• , -) m is a negative definite inner product on (to)*. For any Ai, A2,/Ui,/i2 £ (to)*> let 

(Ai + i\ 2 , m + i^2)m = {{Xi,m)m - (A 2 , /U 2 )m) + i((Ai, ju 2 ) m + (A 2 , ^i) m )- 

Then (•,•) m is a non-degenerate symmetric bilinear form on (to)*^. It is positive definite 
on i(to)* by restriction. Since A C Aq C itg, they inherit this inner product. 

Definition 3.1. Let V be the group of automorphisms of T preserving the Riemannian 
metric m on it, and let 

T° = N G {T)/C G {T). 
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By this definiton we have T° C T. The group V has an equivalent definition as the 
group of automorphisms of the lattie At preversing the inner product m on At- Choose 
a maximal torus S of G containing T and let Wq = Nq(S)/Cg{S) be the Weyl group of 

G. Then T° has an equivalent definition as the image of Stabw G (T) in Aut(T). Given a 
non-zero element a G At, define s a : Hq — > Uq by 

Sa(A) = A r — a, VA G iXq. 

{a,a) m 

Then s a is a reflection on itg. 

Definition 3.2. A subset <I> C At is called a root system on T if for any a G and 

A G A T , 

s a m = $ 

and 

2(A,a) m z 
(a,a) m 

In other words, a subset $ C Ay is a rooi system on T if it is a root system in At- 
Definition 3.3. Let 

y T = {0 ^ a G A T | 2(A, " )m G Z, VA G A r |. 

By Proposition 12.101 *$>t is the unique maximal root system in the lattice At- By the 
definition \Pt is stable under the action of T = Aut(AT,m). Thus we have 

T = Aut(* T ,rn), 

where Aut(^T 5 m), the automorphism of the root system *$>t hi the lattice At, is defined 
in Definition 12.81 

Proposition 3.4. For any closed connected subgroup H of G with T a maximal torus 
of H, the root system of H , &(H) = &(H,T) is a root system on T. Moreover, it is a 
reduced root system. Defined as above, ^>t is a root system on T and it contains all root 
systems on T. In particular <&(H,T) C ^>t for any closed subgroup H of G with T a 
maximal torus of H. 

Proof. The fact that subset &(H,T) is a root system on T is proven in Proposition 12 . 1 1\ 
The fact that the subset ^t is a root system on T and contains all other root systems on 
T is proved in Proposition 12.101 □ 

In general the rank of *&t can be any integer between and dimT. It happens that 
rank\&T = dimT if and only if there exists a root system on T of rank equal to dimT. In 
particular if there exists a semisimple closed subgroup H of G with T a maximal torus of 

H, then rank^/T is equal to dimT. We choose and fix an ordering on At so that we get 
a positive system (^t) + - 



Remark 3.5. In [LP], Lar sen-Pink defined a root system ^ from a dimension datum. In 
general this ^ is a root system on T and is strictly contained in our *$>t- 

The root system \&t depends on the torus T and a biinvariant Riemannian metric ?ti|t- 
If we replace G by a group isogenous of it, then the lattice At becomes another lattice 
isogeneous to it. The root system ^t will change probably after this modification. On 
the other hand, ^t is also sensitive with the biinvariant Riemannian metric m\T- In a 
different direction, we can define another root system which depends on T and the the 
isogeny class of G. However, if we do not know G and T explicitly, it is hard to determine 
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Definition 3.6. Define as the sub-root system of^x generated by {$>(H,T)}, where 
H runs through all closed connected subgroups H of G with T a maximal torus of H. 

It is clear that is stable under T°. However it is not stable under W^ T , T or Aut(^T) 
in general. 

Remark 3.7. With ^t, we are able to consider all root systems 

{$>(H,T)\ T is a maximal torus of H} 

together by viewing them as sub-root systems of ^t- In the case that G is a connected 
simple Lie group and T is a maximal torus of G, let = <&(G,T) be the root system of 
G. Then C ^r- If is simply laced, then for any sub-root system $ of there 
exists a closed subgroup H of G with T a maximal torus of H such that 3>(H,T) = If 
is not simply laced, then not every sub-root system $ o/^o is of the form <3?(-ff, T) = $ 
where H is a closed subgroup of G with T a maximal torus of H . In the case that is 
of type A n (n > A), Eq, Ej, Eg, F4 or G2, it must be that = ^o- However, if^o is of 
type A2, B„, C n or D n (n > 3), then may be strictly larger than ^o- Precisely to say, 
in the case that ^>q = A2, it is possible that ^fx = G2. In the case that ^0 = B n or C n , it 
is possible that ^x = BC n . In the case that *o = D n; it is possible that ^x = B n , C n or 
BC n . 

Lemma 3.8. Given a root system ^> and its Weyl group W\&, let X be a non-empty subset 
of ^ and W be the subgroup of W\& generated by reflections corresponding to elements in 
X. If there exist no proper sub-root systems of ^ containing X, then W = 

Proof. Let X' = {a G ^| s a G W}. For any two roots a, /3 contained in X' , since 

S-a = S a G W 

and 

S s a (/3) = S a Sj3S a G W, 

we get —a G X' and s a ((3) G X' . That means, X' is a sub-root system of On the other 
hand, we have X C X' . By the condition that there exist no proper sub-root systems of 
^ containing X, we get X' = ^>. Therefore W = Wq,. □ 

Proposition 3.9. Given a compact Lie group G and a biinvariant Riemannian metric m 
on G, for any clsoed connected torus T in G, we have W^,^ C r° 

Proof. Recall that is the sub-root system of ^x generated by {&(H, T) C ^x}, where 
H run over closed connected subgroups of G with T a maximal torus of H. Let X be the 
subset of ty' T defined as: a G X if and only if there exists a closed connected subgroup H 
of G with T a maiximal tours of H and the root system of H being {±a}. Let W be the 
subgroup of Wqi generated by reflections corresponding to elements in X. 

We show that W C T° and there exist no proper sub-root systems of ^f' T containing X. 
For any a £ X, there exists a closed connected subgroup H of G with T a maximal torus 
of H and the root system of H being {±a}. Thus there exists a finite surjection 

p : SU(2) x U(l) r " 1 — »• H. 

Let 




where I _ 1 Q J G SU(2) and 1 G U(l)^ 1 . Then n a G N G (T) and Ad(n a )| T = s a . 

Hence s a G r°. Therefore W C T°. Suppose there exists a proper sub-root system of 
ty' T containing X. For any closed connected subgroup H of G with T a maximla torus of 
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H, one has that each root of &(H,T) is contained in X. Hence $(H,T) C X C This 
contradicts to the condition that the root systems T) generate *$>' T . 

By the above two facts and Lemma 13.81 we get W^> = W C T°. □ 

Corollary 3.10. For any root a in ^f' T , there exists a closed connected subgroup H of G 
with T a maximal torus of H and having root system equal to {±a}. The abstract root 
system ^>' T depends only on the group G and the connected torus T , not on the biinvariatn 
Riemannian metric m. 

Proof. Conisdering the subset X defined in the above proof for Proposition 13.91 it is 
obviously T° invariant. Since T° D as the above proof showed, X is a union of 

some W%i on ^' T . Thus X is a sub-root system of *$>' T . On the other hand, the above 
proof showed that X generates ^' T . Therefore X = ^>' T . This is just the first statement 
in the conclusion of the corollary. Moreover, by Proposition 12.61 the cusp product on 
^f' T is determined. Therefore, the abstract root system is determined by G and T, 
indpendent with the biinvariant Riemannian metric m. □ 

Remark 3.11. Suppose the abstract root system is given, an interesting question is 
to determine the sub-root systems 3> of *$>' T so that there exists a closed connected subgroup 
H of G with T a maximal torus of H and having root system equal to $ . From the above 
corollary, we know that each rank-1 sub-root system of ^f' T is the root system of a closed 
connected subgroup. For sub-root systems of higher rank, it is unclear to the author which 
sub-root systems of ty' T are root systems of closed connected subgroups. Moreover, is it 
possible that any sub-root system of *$>' T of rank larger than one is not the root system of 
a closed connected subgroup? 

Given a reduced root system <I> on T, let 

6* = - a. 

Let 

6$ 

the unique dominant weight with respect to (^t) + in the orbit W^ T 8^ = {jS$ : 7 G 
W^ T }. Here Wq T is the Weyl group of the root system *$>t and <1> + = <I> n (^t) + - 

Definition 3.12. Define a character on T, 

Aj, = sign(w) — w6$] . 

Moreover, for any finite group W between W§ and Aut(A ( Q j r, rri), define another char- 
acter on T 

1 1 yew 

Definition 3.13. Given a finite subgroup W of Aut(AQ > x, rn) and an integral weight 
A G At, let 

1 1 -yeW 

The character x*\ w depends only on the orbit WX = {7A : 7 G W}. If W C 
Aut(A T ,m), then x*\ w e QIAt] for any A G A T - Moreover, the set {xawI^ g ^t} 
is a basis of QAt] 1 ^, where A r is a set of representatives of W orbits in At- In the case 
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that rank^T = dimT and W = Wy T , we can choose = Aj,. Here, A J is the set of 
dominant integral weights in with respect to (^t) + ■ 
The characters F$, ; w have the following property. 

Proposition 3.14. Each character F$ t w is a linear combination of {x*xw\ ^ ^ ^Q,t} 
with integer coefficients and the constant term of ' F$ t w ^ 1- With {x\ w\ A G Aq ; t} as a 
basis, the minimal length terms of F$ w — 1 are of the form {c a • Xa\v\ ° a 

6 Z,a 6 $°} 

and i/ie unique longest term of F$y/ is of the form c ■ Xq,s w w ^ ere c = ±1. 
Proof. Since W contains W$, 

F<s>w 



1 1 7 eVK 



777 £ £ sign(«;)(7[«5$ 



1 1 yeWweW® 



= si g n (^)xl*-™a*,w- 
One has |5$ — w5§\ 2 = (25$, 5$ — w5§) and 



Then for w; ^ 1, <5$ — u><5$ is of shortest length exactly when w = s a for a, a short root of 
minimal length; and it is of longest length exactly when w& + = <&~, i.e., w = wq is the 
unique longest element in W. □ 

If Wi& T C W, then w = ^2<5' w ^ ne we i&ht * s defined in |LPj and it is 
observed there that x*2s> w * s ^ ne un ique leading term of Fq>yv if W^ T C W. 

The following two propositions connect Sato- Tate measures stjj and the characters 
{i^ r°}- The importance of them is: we are able to tackle dimension data by studying 
the algebraic objects F$ t r°. Proposition 13.161 reduces the dimension datum problem and 
the linear dependence problem to comparing the characters r° | 3> C ^t} and getting 
linear relations among them. After this, combinatorial classification of reduced sub-root 
systems and algebraic method treating these characters come into force. 

The proof of the following proposition can be found in |LPj . Section 1 or |AYYj . Section 
4. For completeness, we give a sketch of the proof. 

Proposition 3.15. For a closed subgroup H of G, the support of the Sato-Tate measure 
stff is the set of conjugacy classes contained in the set {gxg~ l \ g € G,x G H}. If H is 
connected, then for a maximal torus T of H contained in a maximal torus S of G, oen 
has 

( [j nTn- l )/W G C S/W G C G\ 
w=nS&Wo 

S/Wq being a connected component of G^ and ( {J w=n s£w G n ^ n_1 )/W / G being equal to 
the support of st#. Again if H is connected, then for the natural map n : T — > supp(st#) ; 
oen has 

n*(st H )=F^ r o(t), 

where $ = $(H). 
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Proof. The first and the second statements are clear. 

Given H being connected, for a conjugation invariant continuous function / on G, one 
has 

/ fd^H = / fdfJLH- 

Jh Jh 

By the Weyl integration formula, 

L fd » H= mL mF * m > 

where F$(t) is the Weyl product. Writing this expression T° invariant, we get 



11 GK n ■y=nS£W G ,nTn~ 1 =T JI 



■y=nSeWG,nTn~ l =T ' 



7er° 

Moreover, we have 



= n (i-w) 

aS<E> 

= n a^]-[f])af]-[^]) 

ae<J>+ 

= ( sgn(iu) [-«;<$])( ^ sga(w)[w5]) 
= ^2 sgn(w) sgn(r)[— w8 + tS] 

w,t£W 

= sgn(u>)[— tw5 + tS] (use w — > tw) 

= T ( Y sgn(w)[5 - w8]) 



and 



1 


1 




|r°| 


1 


i 




|r°| 


1 


i 


|W H | 


|r°| 



7er° 



7er o 



7er° reVF* meWj, 
= pjET( E sgn(w)[S - wS\) 
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Hence the last statement follows. □ 

The proof of the following proposition is a bit complicated. The basic idea is as follows. 
Given a maximal torus S of a connected compact Lie group G and W G = Ng(S)/Cq(S), 
then the set of conjugacy classes in G can be identified with S/W G . For any connected 
closed subgroup H with a maximal torus T contained in S, the support of the Sato- Tate 
measure st# of H is p(T) where p : S — > S/W G be the natural projection. This indicates 
that: not only supp(st#) has dimension equal to dimT, but also the integral of st# 
against a continuous function on S/W G with a given bound and support near a given set 
of dimension less than dimT can be made arbitrarily small if the distance of the support of 
the function to that given set is suffiently small. With this fact, by choosing test functions 
on S/W G appropriately we are able to distinguish different Sato- Tate measures by their 
supports. 

Proposition 3.16. Given a list {Hi, H2, ■ ■ ■ , H s } of connected closed subgroups of a com- 
pact Lie group G and non-zero real numbers c±, ■ ■ ■ ,c s , 

J2 c ^ = 

l<i<s 

if and only if for any closed connected torus T in G, 

^^T° =0, 

i<j<t 

where {H^ \ii < ii < ■ ■ ■ < it} are all subgroups among {Hi\l < i < s} with maximal tori 
conjugate to T in G, is the root system of Hi j regarded as a root system on T and 
r° = N G (T)/C G (T). 

Proof. By the relation between dimension data and Sato- Tate measures, the equality 

] E c ^ = 

l<j<s 

is equivalent to ^2 i<i<s Ci st^ = 0. 

Choosing a maximal torus Tj of Gi, for any 1 < i < s, we may and do assume that 
{Ti '■ 1 < i < s} are all contained in a maximal torus S of G. The set of conjugacy classes 
of G contained in G , G / Ad(G) C G^ can be identified with S/W G . Let p : S — »• S/W G 
be the natural projection. Under the above identification, the support of st^ is p(Tj). 
Among {Ti : 1 < i < s}, we may assume that T = T\ = T2 = • • • = Tt, and any other Tj 
(i > t + 1) is not conjugate to T and has dimension > dimT. 

The Riemannian metric m on G induces a Riemannian metric on S. It gives S the 
structure of a metric space. Since W G acts on S by isometries, S/W G inherits a metric 
structure. For any i > t + 1, since T is not conjugate to T and has dimension > dimT, 
gTig^ 1 (t T for any g G G. Moreover each T is a closed torus, thus p(T) flp(Tj) C p(T{) is 
a union of the images under p of finitely many closed tori of S of strictly lower dimension 
than dimT. 

Given any e > 0, let U t be the subset of S/W G consisting of points with distance to 
p(T) within e. For any continuous function / on S/W G with absolute value bounded 
by a positive number K/2, there exists a continuous function f e on S/W G with support 
contained in U e and absolute value bounded by K, and having restriction to p(T) equal 
to f\ T . Since Ei<i< s c « st ^ = °> 



(2) 



ast Hi (fe) = 0. 

l<j<s 
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For any % > t + 1, since p(T) n p(Ti) C p(Ti) is a union of the images under p of finitely 
many closed tori of S of strictly lower dimension than dimTj and stj^ has support equal 
to p(Ti), we get 

limst Hi (/ £ ) = 0. 

Taking the limit as e approaches in Equation ([2]), we get 

Y, C i StH i (/) = 0. 
l<i<t 

Hence 

y~] ci st Hi = o. 
i<t<t 

Therefore an inductive argument on s finishes the proof. □ 

Remark 3.17. In Proposition \3.1 6\ if G is a connected compact simple Lie group with a 
root system ^f, then T° = W^. Moreover, in this case the conjugacy class of a full rank 
subgroup connected closed subgroup is determined by its root system, which can be regarded 
as a sub-root system of \P . In this way, finding linear relations among dimension data of 
connected full rank subgroups is equivalent to finding linear relations among the characters 
{F*,Wv\ $ C 

4. Comparison of different conjugacy conditions 

In this section we discuss relations among several finite groups r°, T, W-%> , Wy T 
and Aut( x I , 2 1 ) defined in previous sections. Moreover, we discuss the connection between 
various relations of two subgroups and conjugacy relations of their root-systems with 
respect to these finite groups. 

Given a compact Lie group G with a biinvariant Riemannian metric m and a closed 
connected torus T, denote by At = Hom(T, U(l)). We have defined two finite groups r°, 

rby 

T° = N G (T)/C G (T) 

and 

T = Aut(A T ,m|A T ). 

Moreover, we get a root system ^>t on T. Thus we have the finite groups Wq T and 
Aut(^r). By Definition 13.31 the action of Wy T stabilizes At and preserves m\\ T . Thus 
W\& T can be regarded as a subgroup of T = Aut(AT, m\^ T ). By the definition of it is 
stable under the action of T. Thus there is a group homomorphism 

vr : T — ► Aut(* T ). 

In the case that ranker = dimT, ir is an injective map. In general it is not injective, 
however its restriction to W^ T is injective. 

Proposition 4.1. In general the inclusions T° C T, W^ T C T and tt(T) C Aut^y) are 
proper inclusions and neither T° nor W^ T contain the other one. 

Proof. Given n > 5, denote by G = Aut(su(n)) and T a maximal torus of G. Then we 
have ^ T = A n _i, rank^ T = dimT, T° = T = Aut(# T ) = S n x {-1} and W^, T = S n . In 
this case Y / W^ T and T° gt W^ T . 

In Example 110.4} by choosing W appropriately we have T ^ T° and W^ T <£_ T° . 

Let G = ( SU(2) 3 ) /((-J, -I, /)) and T a maximal torus of G. In this case * T = 3 A x 
and ranker = dimT. Thus it is injective. Moreover, we have 

T = Aut(r,m| r ) = {±1} 3 x (^12) 
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and 

Aut(* T ) = {±1} 3 x S 3 , 
where a± 2 is the transposition on the first and the second positions. Therefore 7r(r) ^ 
Aut(*r). □ 

Definition 4.2. Given two compact Lie groups H and G, two homomorphisms (j>i,(f>2 '■ 
H — > G are said element- conjugate if (j>i{x) ~ <t>2(%) for any x G H. Similarly, we 
call two closed subgroups H\,H2 of G element- conjugate if there exists an isomorphism 
(j) : Hi — > H2 such that x ~ 4>(x) for any x G H. 

Element-conjugate homomorphisms are defined and studied in [Larj. It is proved in 
|Lar| and |Lar2j that for G equal to SU(ra), SO(2n + 1), Sp(ra) or G2, element-conjugate 
homomorphisms to G are actually conjugate. In the converse direction, for G equal to 
SO(2n) (n > 4) or a connected simple group of type Eg, E7, E§ or F4, there exist element- 
conjugate homomorphisms to G which are not conjugate. In [Wj . S. Wang considered 
homomorphisms from connected groups and used the name locally conjugate instead of 
element-conjugate. He gave some examples of element-conjugate homomorphisms from 
connected groups to SO(2n) which are not conjuagte. In the 1950s Dynkin classified 
semisimple subalgebras of complex simple Lie algebras up to linear conjugacy (cf. |Dy| ) . 
Moreover, Minchenko distinguished the conjugacy classes among linear conjugacy classes 
of semisimple subalgebras (cf . [Mj ) . By [M] Theorem 1 and Proposition 14.31 below, two 
connected closed subgroups are element-conjugate if and only if their subalgebras are 
linear conjugate. From this, connected closed subgroups of connected compact simple Lie 
group which are locally conjugate but not globally conjugate can be classified as well. 

Proposition 4.3. Given two compact Lie groups H , G with H connected, and a maximal 
torus T of H , two homomorphisms (fti,4>2 '■ H — > G are locally conjugate if and only if 
there exists g G G such that <fo|T = (Ad(g) o 4>i)\t and the root systems $(-ffi, 4>i(T)) = 
$(H 2 ,<j>i(T)), where we denote by Hi = (Ad(#) o <j>i){H) and H 2 = <h(H). 

Proof. The "if" part is clear. We prove the "only if" part. Choosing a maximal torus 
S of G, write W(G,S) = Nq(S)/Cg(S). Since <f>\,$% are element-conjugate, we have 
ker^i = ker02- Without loss of generality we may assume that 4>\,4>2 are injective and 
MT),MT)CS. 

For any x G T, since <fti(x) ~ 4>2(x), we have (p2 = n((j)i(x))n~ l for some w = nS G 
W(G, S). As W(G,S) is finite, there exists w G W(G,S) such that cf> 2 = n((f)i{x))n- 1 
holds for a set of x G T generating T. Hence §2 = n((/>i(x))n _1 for any x G T. This 
means that (Ad(n) o 4>i)\t = ^2|r- For simplicity, we assume that 4>±\t = 4>2\t- We still 
denote by T the image in S of T under (pi and cp2- In this way (p\ \t and (j>2 \ t are both 
the identity map. Write 

b = t©(0& a ) 

for the root space decomposition of f) = (Lie H) ®r C with respect to the T action and 

= Q T © ( 0a) 

AeA T 

the generalized root space decomposition of q = (LieG)(g>RC with respect to the T action, 
where $ = &(H,T) is root system of H and At = Hom(T, U(l)) is the integral weight 
lattice. As 4>i\t and <f>2 \t are both the identity map, 



</>l(f)a);02(f)a) C Q a 

for any a G That just means $(iTi,0 x (T)) = $(H 2 ,<f>i(T)). 



□ 
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Given a compact Lie group G with a biinvariant Riemannian metric m and a connected 
closed torus T, denote by H%, H2 two connected closed subgroups of G, we could consider 
different conjugacy relations between their root systems. Precisely, write $j = <&(Hi,T) 
for the root system of Hi, i = 1,2. We may consider if <3?i, $2 C C At are conjugate 
under r°, T, Wq, or Aut(^r). Given two root systems $i,$2 C ^t, since T° C T and 
7r(r) C Aut(^ T ), we have 

$1 ~r° $2 => $1 ~r $2 ==> $1 ~Aut(* T ) $2- 

We have the following connections between the conjugacy relations between the root 
systems and the relations between the subgroups. 

Proposition 4.4. Given a compact Lie group G with a biinvariant Riemannian metric 
m and a connected closed torus T, for two closed subgroups H\,H2 with T a common 
maximal torus of them, denote by <I>j = &(Hi,T), i = 1,2. We have: 

(1) if $1 ~Aut(* T ) $2> then the Lie algebras of H\ and H2 are isomorphic. 

(2) If ^1 ~r $2; then the Lie groups H\ and H2 are isomorphic. 

(3) $1 ~r° ^2 if and only if H\ and H2 are locally conjugate. 

Proof. Write 

= /©(©8a) 

aga t 

for the generalized root space decomposition of q = (Lie G) <8>r C with respect to the T 
action and 

&i = te(0 

the root space decomposition of f), = (LieiZj) <8)r C with respect to the T action, i = 1,2. 
We have $1, $ 2 C *t C A t . 

Suppse <I>i ~Aut('t T ) *^2- This means that there exists 7 £ Aut^y) such that $2 = 7^1 ■ 
By the classification of complex reductive Lie algebras (cf. |Kn|), 7 can be lifted to an 
isomorphism / : f)i — > f)2 such that /(f)i,a) = ^2,70 for any a 6 <&i. This proves (1). 

Suppose <I>i ~r c &2- Recall that T = Hom(T, m|y). For the automorphism / in the 
above proof, furthermore we may assume that /|LieT is induced by an automorphism of 
T. Thus / can be lifted to an isomorphism / : Hi — > H2. This proves (2). 

Recall that T° = N G {T)/C G {T). If $1 ~ r ° $2, then $1 = $' 2 for some H' 2 = gH 2 g~ 1 , 
g £ N G (T) and $' 2 = <1>(H' 2 ,T). Therefore (3) follows from Proposition [OJ □ 

Remark 4.5. Given a compact Lie group G and a connected closed torus T, as indicated 
in the proof of Proposition a trivial observation is: the existence of locally-conjugate 
but not globally conjugate connected closed subgroups with T a maximal torus of them is 
due to the fact the generalized root spaces {g\ : A G A^} may have dimension larger than 
one and the different choices of eigenvectors really matter for the conjugacy classes of 
the subgroups. Hence there is no local-global issue if each Q a having dimension one. In 
particular, two full rank connected subgroups are conjugate if and only if they are locally 
conjugate. 

5. Formulation of the problems in terms of root systems 

We formulate the following two questions, analoguous to the dimension datum problem 
and the linear dependence problem respectively. 

Question 5.1. Given a root system ty, for which pairs (<3?i, $2) of reduced sub-root systems 
o/#, we have F$ 1|Au t(tt) = F 3> 2 ,Aut(y) ? 
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Question 5.2. Given a root system \P and a finite group W such that C W C Aut(^), 
for which reduced sub-root systems <&i, $2j • • • , 0/ characters 

are linearly dependent? 

Remark 5.1. We could take (*,W) = (^ T ,vr(r)) or = (^,vr(r°)) m Question 

\5.2X The property W\g T C 7r(T) C Aut^r) follows from the defintions of T and of^T- 
The property W^,i C 7r(r o ) C Aut(^^.) is proved in Proposition \3.9[ Taking the pair 
(ty' T ,T°), the solution to Question \5 .2\ gives a solution to Question ] 1. Si 

6. Classification of sub-root systems 

In this section, given an irreducible root system \£o, we discuss the classification of sub- 
root systems of up to Wq, conjugation. In the case that ^0 is a classical irreducible 
root system, classification of sub-root systems of it seems to have been known to experts 
la ong time ago. A detailed exposition of this classification is given in [Os . In the case 
that is an exceptional irreducible root system, classification of sub-root systems of it 
was first achieved by Oshima in [Os] except that the classification of sub-root systems of 
F4 or G2 was known before. Our discussion follows [LPj and [Os]. 

Before discussing the classification, we fix notations. Let V = R n be an n-dimensional 
Euclidean vector space with an orthonormal basis {ei, e2, e n }. Denote by the root 
systems 

A n -i = { ± (e; - ej)\ 1 < i < j < n}, 

B n = j ± ei db ej\ l<i<j<n}U {±ej|l < i < nj, 

C n = { ± a ± ej\ 1 < * < j < n) |J { ± 2ei\ 1 < i < n}, 

BC n = { ± ei ± ej\ 1 < i < j < n) { ± ei, ±2ei\ 1 < i < n}, 

D n = { ± ei ± ej\ 1 < i < j < n). 

Thus 

A n _i C D n C B n , C n C BC n . 

Note that Ao = Di = and we regard Ai, Bi, Ci different from each other though they 
are isomorphic as abstract root systems. Each of the following pairs (B2, C2), (D2,2Ai), 
(A3,Ds) are also regarded different. 

Type A. Given ^0 = A„_i (n > 2), let $ C $0 be a sub-root system. Define a relation 
on {l,2,...,n} by 

i ~ j ei — ej € 

Thus ~ is an equivalence relation. It divides {1,2, ...,n} into I subsets of cardinalities 
n%, n^, ...,rty where n\ > n 2 > • • • > n\ and n\ + n 2 + • • • + ni = n. In this way we can 
show 

<E> ~ (J { ± (e, - ej)\ n\+n 2 -\ b n fc _i + 1 < i < j < n\ + n 2 H b n^}. 

l<k<l 

We denote by 

$ni,n 2 ,...,n, = |J { ± (ei - e.,-)| m + ra 2 H b n fe _i + 1 < i < j < m + n 2 H bn fc }. 

i<fc<z 

It is isomorphic to U 1<fc<z A nfc _i. 



ON THE DIMENSION DATUM PROBLEM AND THE LINEAR DEPENDENCE PROBLEM 21 

Type B. Given = B„ (n > 1), let $ C $o be a sub-root system. Define a relation 
on {1,2, ...,r} by 

z ~ j 44> ej — ej G $ or ej + G <£. 

Thus ~ is an equivalent relation. It divides {l,2,...,n} into I subsets of cardinarities 
ni,ri2, ni where n\ + 712 + • • ■ + ni = n. Write n' k = ri\ + ni + • • • + Wfe for 1 < A; < Z. 
Without loss of generality we may assume that {i\ n' k _ l + 1 < i < n' k } is an equivalence 
set for any 1 < k < I and 

{ ± (ei - ej)| n'fc-i + 1 < * < J < c $ - 
If e« G $ for some n' k _ 1 + 1 < i < n k , we have 

B nk { ± ^ ± e,-| + 1 < i < j < n'J (J { ± ei\ n' k _ x + 1 < i < n' k } C 

If ej $ for any + 1 < z < and ej + ej G $ for some + 1 < i < j < n' k , we 
have 

D„ fc * { ± e, ± e 3 \ ri k _ x + 1 < i < j < n' k } C 
In summary we have 

* = ( U B OU( U d«)U( U ^-0 

1<i<m l<fc<10 

where Ei<i<u r * + Ei<j<„ s j + Ei<jfc< TO *fc = n, n > 1, Sj > 2 and i fe > 1. Moreover, 
the conjugacy class of <3? is uniquely determined by these indices {ri,Sj,t k }. We denote 
by Q{n},{sj},{t k } a sub-root system with the indices {rj, Sj, t k }. 

Type C. Given = C n , let f C $o be a sub-root system. Similar as in the B n case, 
we can show 

* = ( U C -)U( U °.i)U( U 

1<i<m l<i<f l<fc<MJ 

where Ei<i<u r * + Ei<j<„ s j + Ei<jfc<«,*fc = n, n > 1, Sj > 2 and t k > 1. Moreover, 
the conjugacy class of <I> is uniquely determined by these indices {ri,Sj,t k }. We denote 
by ${n},{sj},{t k } a sub-root system with the indices {rj, Sj, t k }. 

Type BC. Given = BC n , let <I> C be a sub-root system. Similar as in the B n 
case, we can show 

* = ( U BC -)U( U B *)lk U c * fc )U( U D ^)U( U A ^ 

l<i<u l<j<v l<k<w l<e<x l</<2/ 

where Ei<i<« r i + Ei<j<« *j + Ei<fc<«, *fc + Ei< e <xPe + Ei</<j,?/ = n,n> 1, 8j > 1, 
tk > 1) Pe > 2 and g/ > 1. Moreover, the conjugacy class of $ is uniquely determined by 
the indices {n, sj, t k ,p e , q f }. We denote by ®{n},{ Sj },{t k },{p e },{q f } a sub-root system with 
the indices {ri,Sj,t k ,p e ,qf}. 

Type D. Given * = D n (n > 5), in this case Aut(^ ) = W n = {±l} n x ^ and W^ 
is a subgroup of index 2 in W n . Let $ C $o be a sub-root system. Similar as in B n case, 
we have show 

* = ( U D -i)U( U A ^) 

l<j<D l<fe<W) 

where Ei<j<i> s j + Ei<fc<ttj*fc = n > s i - 2 and *fc - 1- Moreover, the Aut(* ) conjugacy 
class of ^ is uniquely determined by the indices {sj,t k }. Given a set of indices {sj,t k : 
1 <j< zj,1 < wT, there are at most two conjugacy classes of sub-root systems up 
to Wty Q conjugation. In the case that there is a unique W^ conjugacy class of sub-root 
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systems with this set of indices, we denote by &{s },{t k } one °f them. Otherwise, we can 
show that each Sj = and each tj. is even. Write 

®{t k } = U { ± ( e i- e j)\ t i + t 2 + --- + tk-i + ^<i<j<h + t 2 + ---+t k } 

X<k<l 

and ^/ tfe i = s ei^{t k }- They represent these two conjugacy classes. 
Type D 4 . Given = D4 = {±ej ± ej\l < i < j < 4}, we denote by 



Ai = 


(ex - 


e 2 ), 




A 2 = 


(ex - 


e 2 ,e 2 - e 3 ), 




A 3 = 


(ex- 


e 2 ,e 2 - e 3 ,e 3 - 


e4>, 


A' 3 = 


(ex- 


e 2 ,e 2 - e 3 ,e 3 + e 4 ), 


2Al = 


= (ex 


- e 2 ,e 3 - e 4 ), 




2 a; : 


= (ex 


- e 2 ,e 3 + e 4 ), 




D 2 = 


(ei- 


e 2 ,e 4 + e 2 ), 




3Al = 


= (ex 


- e 2 ,ei +e 2 ,e 3 


- e 4 ), 


2D 2 = 


= (ei 


- ex, ex + e 2 ,e 3 


- e 4 ,e 3 + e 4 


D 3 = 


(ei- 


e 2 ,e 2 - e 3 ,e 2 + 


e 3 ), 


D 4 = 


(ei- 


ei,e 2 - e 3 ,e 3 - 


e 4 ,e 3 + e 4 ). 



We can show that any sub-root system of D 4 is conjugate to one of them up to Wq, 
conjugation. On the other hand, we have 

A 3 ~Aut(D 4 ) A3 ~Aut(D 4 ) D 3, 

2 Ai ~Aut(D 4 ) 2 A'i ~Aut(D 4 ) D 2 • 

These are all Aut(D 4 ) conjugacy relations among them. 

Type Eq, E7 and Eg. Given ^0 = ^6, E7 or Eg, the classification of sub-root systems 
of is hard to describe. The readers can refer |Osj for the details. 

Type F 4 . Given = F4> we denote by {ax, a 2 , a 3 , a 4 } a simple system. The long roots 
and short roots in ^0 consist in the sub-root systems D 4 and D 4 , respectively. There is 
a unique conjugacy class of sub-root systems of F 4 isomorphic to B 4 (or C 4 ). We denote 
by 

B 4 = (a 2 , ax, ct2 + 2a 3 , a 4 ) 

and 

C 4 = (a 3 ,a 4 ,a 2 + a 3 ,a 4 ), 

which are representatives of them. The sub-root systems D 4 and D 4 are stable under 
PFp 4 . Hence there exist homomorphisms 

W Fi — > Aut(Df) 

and 

W Fi — )• Aut(Df). 

Lemma 6.1. Each of these two homomorphisms is an isomorphism. 

Proof. We show Wp 4 — > Aut(D 4 ) is an isomorphism. The proof for Wp 4 — > Aut(D 4 ) 
is an isomorphism is similar. Suppose w £ Wf 4 is an element with trivial restriction on 
D 4 . Choose an element a in D 4 . Since a and D 4 generate a sub-root system isomorphic 
to B 4 , we have a = Si+§1 f or some /3 l5 /3 2 e D\ . Thus 

wpx+wfo Px + fo 
w ( a ) = 2 = 2 = a ' 
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Hence w = 1. Therefore Wf 4 — > Aut(Z)f ) is injective. On the other hand, by calculating 
stabilizers we get 

\W F4 \ = 24|Wb 3 | = 24 x 3! x 2 3 = 3 x 4! x 2 4 = | Aut(D 4 )|. 

Hence Wp 4 — > Aut(D 4 ) is an isomorphism. □ 

By the above lemma and the classification in D4 case, we get 

Df ~ 2Af ~ 2A' 1 L , 
Df ~ Af ~ A' 3 L , 
Df ~ 2Af ~ 2Af , 
D 3 ~ A3 ~ A^ . 

The following sub-root systems of F4 are contained in B4: 

Df, Af + Af, 4Af, B 2 +2Af, 2Af +2Af, 

B 4 , B 3 + Af, 2B 2 , B 2 +2Af, 4Af, Af, 
2Af + Af, B 3 , B 2 + Af, 3Af, 3Af, 
B 2 + Af, Af +2Af, Af + Af , 2Af, 

B 2 , 2Af, Af + Af, Af, Af, Af . 

By duality, we get sub-root systems of F4 contained in some C4. In particular, the 
following are those contained in C4 and not contained in any B4: 

Df, Af + Af, C 4 , C 3 + Af, 

Af, C 3 , Af +Af, Af . 

Denote by $ C F4 a sub-root system not contained in any B4 or C4. If $ is simple, then 
<I> = F4. If $ is not simple, it can not contain a factor Af , Af or B 2 since otherwise is 
contained in a sub-root system isomorphic to B4 or C 4 . Hence <I> = Af + Af . Moreover, 
there exists a unique conjugacy class of sub-root systems in each of the above types. 

Type G 2 . Given = G 2 , denote by {a, j3} a simple system of ^q. We denote by 

Af = (a), Af = </?>, Af = (a, a + 3/3), Af = (a + p, p) 

and 

Af + Af = (a,a + 2(3), G 2 = (a,(3). 
Therefore each sub-root system of G 2 is conjugate to one of them. 

7. Formulas of the leading terms 

Given an irreducible root system with a positive system ^ q , we normalize the inner 
product on by letting the short roots having length 1. 

Definition 7.1. Given a reduced sub-root system <I> of^o, write 

Let 5'^ be the unique dominant weight with respect to in the orbit W<$ 6§. Denote by 
e^ ($) = \25'$\ 2 and e* = e^ (^ )- 
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Table 1. Formulas of e^ f 



#0 


A n _i 


B„ 


C n 


D„ 




e *o 


(n-l)n(n+l) 


(2n-l)n(2n+l) 


n(n.+l)(2n+l) 


n(n-l)(2n-l) 




6 


3 


3 


3 


*0 


E6 




Eg 


F4 


G 2 


e$ 


156 


399 


1240 


156 


28 



In the case that <i?o is clear from the contest, we simply write e(<l?) for e^ (3>). Oshima 
classified sub-root systems of any irreducible root system ^0 U P to W\$> conjugation. In 
this section, we give the formulas of 25$ and e(3>) for the reduced sub-root systems. 

First we have formulas for e^ = |2<5^,J 2 as in Table 1. 

Given a reduced sub-root system $ C ^o, denote by 

l<i<s 

the decomposition of $ into a disjoint union of irreducible sub-root systems and \fk% the 
ratio of the length of short roots of <£j and Then we have 

e *o($) = kie ^- 

l<i<s 

With this formula we can calculate e<p quickly from Table 1. On the other hand, 
from the expression of 25$ into a linear combination of fundamental weights, we can also 
calculate e$ ($) = |2<5^,| 2 . This helps on checking whether a formula for 25'$ is correct 
or not. Given a classical irreducible root system vf, the calculation of 25$ for sub-root 
systems $ of is easy. We omit it here. For an exceptional irreducible root system \E', in 
Oshima's classification (cf. [Usj ). given an abstract root system sometimes there exist 
two conjugacy classes of sub-root systems of \& isomorphic to <3?. In the following we give 
representatives of sub-root systems for all the cases when the above ambiguity occurs. 

Given = E7, denote by j3 = 2a\ + 2a 2 + 303 + 4o4 + 3as + 2a§ + 07 and /?' = 
02 + 03 + 2«4 + 05. We set 

1. A 5 : (02,04,05,06,07), 

2. (A 5 )' : (03,04,05,06,07), 

3. 3Ai : (02,05,07), 

4. (3Ai)' : (03,05,07), 

5. 4Ai : (02,03,05,07), 

6. (4Ai)' : (a 2 ,03,o 5 ,/3'), 

7. A 3 + A x : (o 2 , o 5 , o 6 , o 7 ), 

8. (A 3 + A 1 )' : (03,05,06,07), 

9. 2A X + A 3 : (02,03,05,06,07), 

10. (2A 1 + A 3 )' : (/3, 03, 05,06,07), 

11. Ai + A 5 : (/?, o 2 , o 4 , o 5 , o 6 , o 7 ), 

12. (Ai +A 5 )' : (/3, 03,04, 05,06,07). 

Given ^0 = Eg, let /? = 2oi + 3o2 + 4o3 + 604 + 505 + 4o6 + 3o7 + 2og /?' = a± + 2o2 + 
203 + 404 + 4o5 + 3o6 + 207 + og , and (3" = 2a\ + 202 + 4o3 + 504 + 4os + 3o6 + 207 + og . 
We set 

13. A 7 : (j3, 01,03,04,05,06,07), 

14. (A 7 y : (ai,03,0 4 ,05,0 6 ,07,ag), 

15. 4Ai : (02, 03, 05, 02 + 03 + 204 + 05), 

16. (4Ai)' : (o2,a 3 ,05,ag), 
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Table 2. Formulas of 25L 



25 



*0 


$> 


2& 


e($) 


D 4 


Al 




1 


D 4 


2A£ 


2w 4 


2 


D 4 


2A*Z 


2^3 


2 


D 4 


Dl 




2 


D 4 


A 2 


2uj 2 


4 


D 4 


3A 1 


Ul + CJ 3 + w 4 


3 


D 4 


AZ 


2(w 2 + W4) 


10 


D 4 


A'l 


2(bJ 2 + ^3) 


10 


D 4 


Dl 


2(1^2 + Wl) 


10 


D 4 


4Ai 


2w 2 


4 


D 4 


£>4 


2(cji + w 2 + ^3 + W4) 


28 



17. 2Ai + A 3 : (/3',ai,a 6 ,a 7 ,a 8 ), 

18. (2^i + ^3)' : (02,04,03, o 6 ,o 8 ), 

19. 2A 3 : (/3', 03,01,06,07,03), 

20. (2^3)' : (02,03, "4, "6,07, o 8 ), 

21. Ai + A 5 : (/3",a 4 ,a 5 ,a 6 ,a 7 ,a 8 ), 

22. (Ai + A 5 )' : (ai,a4,a 5 ,a 6 ,a 7 ,a s ) 

Given ^0 = D 4 , we set 

23. 2A X : (01,03), 

24. 2A' X : (01,04), 

25. £> 2 : (03,04), 

26. A3 : (01,02,03), 

27. yl' 3 : (01,02,04), 

28. D 3 : (02,03,04). 



8. Equalities among dimension data 

In this section, we solve Question 15.11 The strategy is as follows. First we reduce it to 
the case that the root system ^ is an irreducible root system. In the case that if of 
type BC, there is an algebra isomorphism E from the ring of characters to the polynomial 
ring Q[xo, x%, . . . ] defined in [LP| . Moreover, the polynomials in the image are generated 
by certain polynomials a n , b n , c n , d n , corresponding to the sub-root systems A n _i, B n , 
C n and D n , respectively. We are able to get all multiplicative relations among these 
polynomials {a n , b n , c n , d n \ n > 1}. In the case that is of type B, C or D, the solution 
in type BC case solves the question in this case as well, with a little more consideration if 

= D n . In the case that is of type A, we show that the characters of non-conjugate sub- 
root systems have different leading terms. In the case that is an exceptional irreducible 
root system, the formulas of the leading terms {25$ | <3? C have been given in Section 
[3 We give a case by case discussion of sub-root systems with equal leading terms in their 
characters. 

Theorem 8.1. Given a root system and two reduced sub-root systems $1 and $2; 
-P^Autf*) = ^* 2 ,Aut(*) if and only if there exists 7 6 Aut(^) such that 
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Table 3. Formulas of 2<% 



^ u 


$ 


2(5* 




E fi 






1 


F jR 


^9 


2w 2 


4 


Er 


A% 


£Ji + 2(Jo + 


10 


Efi 




2cji + 2cj2 + 2wg 


20 




A* 


2tth + Wo + £Jq + UJz. -i- 2u]r 


35 


Efi 




2c^2 + 2(^4 


28 


Efi 


1 - O 


2u!i + 2W2 "I - 2(J4 + 2ujq 


60 


Efi 




2i(u)i + 6Jo + Wq + 6iJ/i + Uc + (JrI 


156 


Efi 


2v4i 


OJ-i 4- U)a 


2 


Efi 


3v4i 


£x>4 


3 


Efi 




2w 2 


4 


E 6 




Wi + W 2 + OJq 


5 


E 6 




w 3 + w 5 


6 


E 6 


2A 2 


2wi + 2u§ 


8 


E 6 


2A 2 + 


Wl + W 4 + OJQ 


9 


E 6 


3A 2 


2ix>4 


12 


E 6 


A 3 + A X 


^2+^3 + 


11 


E 6 


^3 + 2Ai 


2l^4 


12 


E6 




2lui + 2^4 + 2ujq 


21 


E6 


A 5 + Al 




36 



for any 1 < i < m, where ^ = |J 1<i<m &i with each Vl^ an irreducible root system, 

7*1= U ^ 



■ 1 

l<i<m 



and 

l<i<m 

with Q^^f* C *j. 

Proof. Since Aut(^) permutes simple factors of \E' and it permutes two simple factors if 
and only if they are isomorphic abstract irreducible root systems, we may assume that 

= m^o and Aut(^) = Aut(^o) m ^ S m where ^0 is an irreducible root system and m^o 
denotes the direct sum of m copies of VlV 

Denote by A = Z^ the root lattice, by Q[A] the character ring and by U = Q[A] Aut ^°) 
the invariant characters. Thus U is a Q vector space with a basis A. Write 

S(U) = ^S n (U) 

n>0 

for the symmetric tensor algebra over U. It is a polynomial algebra with symmetric tensor 
product as multiplication. Hence it is a unique factorization domain. 

Write $j = ©!<<<„, = 1,2. In S(U), we have 

F *i.Aut(*) = F $0') iA ut(*o) ' F <I> 2 j) ,Aut(^o) ' ' ' F *H-i. A "t(*o) ' ^^.Aut^o)" 
As each ^,0) Aut ^ ) being of degree one and having constant term 1, F^ 1 ^ ut ^ = 
^* 2) Aut(*) if and only if {^(D Aut( ^ o) | 1 < i < ™} and {^(2) Aut( ^ o) | 1 < i < m} 
differ by a permutation. Therefore the conclusion follows. □ 
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Table 4. Formulas of 25L 



U 


$ 


24 


e(&) 


E 7 




^i 


1 


E 7 


-42 




4 


E 7 


A 3 


2wi + Ct>6 


10 


E 7 


M 


2oji + 2^6 


20 


E 7 




2wi + 2ojfi + 2u)7 


35 


E 7 


V 0/ H 


l^l + LO4 + 2(Jg 


35 


E 7 




2l^4 + 2ojq 


56 


E 7 


-4 7 


2lo\ + 2^4 + 2ojq 


84 


E 7 




2l0\ + 2CJ3 


28 


E 7 




tJi + 2w3 + 2lo§ 


60 


E 7 


D e 


2u)% + co 2 + W3 + 0J5 + 2^6 + 2o; 7 


110 


E 7 


E G 


+ ^3 + W4 + w@ 


156 


E 7 


Ej 


2(tJi + W2 + W3 + W 4 + L0$ + (^6 + ^7) 


399 


E 7 


2A X 


LOq 


2 


E 7 


3A£ 


2lo 7 


3 


E 7 


(3Ai) ,lu 


L0% 


3 


E 7 




D 2 + LOj 


4 


E 7 


(4Ai) /12 


2lo\ 


4 


E 7 


5Ai 


L0\ + LOq 


5 


E 7 


6A1 




6 


E 7 


7Ai 


2oj 2 


7 


E 7 


A 2 + 


LOl + LOq 


5 


E 7 


-4 2 + 2A X 


W4 


6 


E 7 


A 2 + 3^i 


2w 2 


7 


E 7 


2A 2 


2W6 


8 


E 7 


2A 2 + -4i 


CJ3 + LOq 


9 


E 7 


3A 2 


2lo 3 


12 


E 7 


A 3 + A x ^ m 


2lo\ + 2loi 


11 


E 7 


{A 3 + A 1 )'^ m 


COl + w 4 


11 


E 7 


A 3 + 2A^ 


+ Ulr + W 7 


12 


E 7 


(A? + 2A 1 ) nb 


2L0 3 


12 


E 7 


-4 3 + 3^4i 


Z 1 O 1 1 


13 




A 3 + A 2 


Co>4 + W6 


14 




^ 3 + A 2 + 


2W5 


15 


E 7 


2A 3 


2lcJi + 2coq 


20 


E 7 


2A 3 + A 1 


COl + W4 + W6 


21 


E 7 




wi + o; 4 + ooq 


21 


E 7 


A 4 + A 2 


2(^4 


24 


E 7 


A 5 + A^ 


wi + o; 4 + ujq + 2w 7 


36 


E 7 


(A 5 + A 1 )'^ 


2w 3 + 2ooq 


36 


E 7 


A 5 + A 2 


2ll>4 + 2w 7 


39 


E 7 


D 4 + Ai 


2u)i + L0 2 + L0 3 + L0 7 


29 


E 7 


L> 4 + 2Ai 


2l0\ + W4 + LOG 


30 



Remark 8.2. In the case 0/^0 = BCi = {±ei,±2ei}, 

A = Z^g = {nei : n E Z}. 
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Table 5. Formulas of 2<% 



*0 


$ 


25'$ 


e(<&) 


E 7 


L> 4 + 3Ai 


2uj\ + 2cj5 


31 


E 7 


D 5 + A 1 


2UJ\ + U 2 + U) 3 + 0J 5 + U) 6 


61 


E 7 


D 6 + A 1 


2cji + 2^4 + 2^6 + 2^7 


111 



Table 6. Formulas of 25g 



* 




2SL 


V / 


Eg 


Ai 


CJg 


1 


Eg 


A 2 


2W8 


4 


Eg 


A 3 


ui\ + 2wg 


10 


Eg 


A A 


2u\ + 2wg 


14 


Eg 


A 5 


2wi + LOq + LJ$ 


35 


Eg 


A 6 


2ui + 2w6 


56 


Eg 


A t ^ 


2u)i + 2ujq + 2cjg 


84 


Eg 


(A 7 y M 


oj-i + oja + uje. + o;7 


84 


Eg 


^8 


2(J4 + 2(J7 


120 


Eg 


D 4 


2^7 + 2wg 


28 


Eg 


D 5 


2wi + 2u 7 + 2cjg 


60 


Eg 


D% 


2wi + uj 2 + + W7 + 2wg 


110 


Eg 


D 7 


2wi + Wo + W-! + UJ^ + LOf, + Wg 


182 


Eg 


D s 


2wi + 2^4 + 2ojfi + 2a;g 


280 


Eg 


E e 


Wl + Co>6 + W7 + CJg 


156 


Eg 


E 7 


2wi + wo + w 3 + w> + 2cjr + 2cj7 + 2w« 


399 


Eg 


Eg 


2(a>i + to>2 + W3 + W4 + W5 + CJ6 + ojj + wg) 


1240 


Eg 


2Ai 




2 


Eg 


3>A X 


W7 


3 


Eg 


4A^_ 


2wg 


4 


Eg 


(4Ai)'™ 


W2 


4 


Eg 


5A 1 


Wl + Wg 


5 


Eg 


6A 1 


W 6 


6 


Eg 


7A 1 


w 3 


7 


Eg 


8A1 


2wi 


8 


Eg 


A 2 + A 1 


0>1 + Wg 


5 


Eg 


A 2 + 2A X 


w 6 


6 


Eg 


A 2 + 3A l 


w 3 


7 


Eg 


A 2 + AA l 


2wi 


8 


Eg 


2A 2 


2wi 


8 


Eg 


2A 2 + A 1 


L)i + W7 


9 


Eg 


2A 2 + 2Ai 




10 


Eg 


3A 2 


2w 7 


12 


Eg 


3yl 2 + A l 


0J 2 + w 7 


13 


Eg 


4A 2 


2w 2 


16 


Eg 


A 3 + A 1 


w 6 + Wg 


11 



Write x n = l nei l J wei l j or arj y n g Z>o- in £/iis case U = spanQ{x n | n > 0} and 

S(U) = Q[x ,xi, . . . ,x n , . . .} 
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Table 7. Formulas of 25L 



^0 




25L 




Eg 


-43 + 2Ax^ 


2uj 7 


12 


Eg 


(A 3 + 2AiY 24 


W3 + ^8 


12 


Es 


A 3 + 3^1i 


UJ 2 + W7 


13 


Es 

o 


A 3 + 4Ai 


Wi + U!q 


14 


Es 

o 


A 3 + A 2 


UJ\ + £Jg 


14 


Ec 

o 


A* + A 2 + Ai 




15 


Es 


As + Ao + 2Ai 


2uj 2 


16 


Es 




2uji + 2o;s 


20 


Es 

o 


V,*" A o/ 


W1 + 


20 


Es 


2A 3 + Ai 


<xh + Wfi + Us 


21 


Eg 


2A 3 + 2A 1 




22 


Es 


A 4 + Ai 


oji + ujp, + ws 


21 


Eft 


A 4 + 2Ai 


W4 + U!g 


22 


Eg 


A 4 + A 2 


2ojq 


24 


Es 


A 4 + A 2 + Ai 


W3 + U!q 


25 


Es 


Ai + A 3 


L1J4 + 6J7 


30 


Es 

o 


2A 4 


2wt; 


40 


Eft 


A^ + AifL 


2wi + 2w7 


36 


FjS 






36 


hjft 


Ak + 2Ai 


OJi + (Jc; + W7 


37 


Pjft 


At; + A? 


^ 1 (J 


39 


Pjft 


Ac; + Ao + Ai 


2<jJt; 


40 


Fjft 


Afi + j4l 




57 


Pjft 


A7 + Ai 


W1 + Wzl + £-Jr + 2LJS 


85 




D 4 + Ai 


(Jo + 6J7 + 2(x>s 


29 


Fjft 


_0 4 _|_ 2A1 


C<J1 + CJr + 2tJs 


30 


Pjft 


J5 4 + 3^4 X 


UlA + 2ws 


31 


Fjft 


£> 4 _|_ 4^4 X 


2c<jo + 2lux 


32 


Pjft 


L> 4 + A2 


2(Jo + 2cj« 


32 


Fvft 


£>4 + As 


tjjo 4- cj 1 ? + 


38 


Es 


2Z? 4 


2cji + 2o;r 


56 


Eg 




Wi + + CJy + 2u)g 


61 


Eg 


£5 + 2Ai 


U) 2 + LJ 3 + u 7 + 2u> 8 


62 


Eg 


D 5 + A 2 


2w 5 + 2a; 8 


64 


Eg 


D 5 + A 3 


LUX + W 4 + W 6 + Wg 


70 


Eg 


D 6 + A 1 


2l^i + W4 + W6 + 2^8 


111 


Eg 


D 6 + 2Ai 


2cji + 2^5 + 2u>g 


112 


Eg 


E 6 + A l 


wi + W4 + ujq + 2cj7 + 2wg 


157 


Eg 


E 6 + A 2 


LJ4 + W 7 + Wg 


160 


Eg 


E 7 + A 1 


2^i + 2^4 + 2wq + 2u>7 + 2wg 


400 



is the usual polynomial algebra. The identification is given by the map E defined in |LPj . 

Theorem 18.11 reduces Question [5A] to the case that ^ is an irreducible root system. We 
introduce some notation now. Given a root system ^, recall that we have defined the 
integral weight lattice A<jr (which is a subset of the rational vector space spanned by roots 
of ^) in the "notation and conventions" part. 
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Table 8. Formulas of 2<% 



*0 




2^ 


e($) 


F 4 






2 


F 4 


A? 


w 4 


1 


F 4 


z 


2wx 


8 


F 4 


Ai 


2w 4 


4 


F 4 


Ak 

o 


2ui + 2w 4 


20 


F 4 


^3 
o 


£Ji + 2w 4 


10 


F 4 


£>4 

4 


2wi + 2w 2 


56 


F 4 


4 


2^3 + 2oj 4 


28 


F 4 


B 2 


cji + 2o; 4 


10 


F 4 


B 3 


2wi + w 2 + w 4 


35 


F 4 


c 3 


2^3 + 2oj 4 


28 


F 4 


B 4 


2ui + 2oj 2 + 2oj 4 


84 


F 4 


c 4 


2lu\ + 2^3 + 2w 4 


60 


F 4 


F 4 


2ui + 2cj 2 + 2^3 + 2u> 4 


156 


F 4 


2^ 


2w 4 


4 


F 4 


2Af 


UJl 


2 


F 4 


A? + A{ 


UJ 3 


3 


F 4 


3A^ 


UJ 2 


6 


F 4 


3A* 


UJ 3 


3 


F 4 


A% + 2A{ 


UJ\ + W 4 


5 


F 4 


2A i ( + A^ 


2w 4 


4 


F 4 


4A^ 


2wi 


8 


F 4 


4Af 


2w 4 


4 


F 4 


2A£ + 2A^ 


w 2 


6 


F 4 


^2 + ^1 


U>1 + <^3 


9 


F 4 


^2 + ^1 


W 2 


6 


F 4 




2w 3 


12 


F 4 


B 2 +A^ 


2w 3 


12 


F 4 


5 2 + A? 


w 2 + w 4 


11 


F 4 


B 2 + 2A^ 


CJl + w 4 


14 


F 4 


£ 2 + 2A» 


2w 3 


12 


F 4 


2B 2 


2wi + 2oj 4 


20 


F 4 


A% + A^ 


2uj 3 


12 


F 4 


Aji + A? 


UJl+UJ 2 + UJA 


21 


F 4 


C 3 + A{ 


Wi + UJ 2 + 2w 4 


30 


F 4 


B 3 + A? 


2wi + 2w 3 


36 



Table 9. Formulas of 2<% 



*0 


$ 


28's 


e(<&) 


G 2 


A{ 


UJ 1 


3 


G 2 


A» 


UJ 2 


1 


G 2 


Ak 


2uji 


12 


G 2 


At 


2uj 2 


4 


G 2 


G 2 


2{uj\ + uj 2 ) 


28 


G 2 


A* + A{ 


2uj 2 


4 
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Definition 8.3. Given an integral weight A, let 

In the case that the root system ^ is clear from the context, we simply write x*\ f° r 
X*x As discussed in Section [31 the characters {x^| A E A^} is a basis of of the vector 
space QfA^J^o , where A~j~ is the set of dominant weights in (with respect to a positive 
system determined by a chosen order). 

Combining Theorems 18.131 and 18.141 we get the following theorem. It answers Question 
15.11 completely in the case that ^ is an irreducible root system. 



Theorem 8.4. Given an irreducible root system fy, if there exist two non-conjugate re- 
duced sub-root systems <&i,3?2 C VP with F$ >1 Aut(*) = F® 2 Aut(*)j then ^ = C n , BC n or 
F 4 - 

In the case that ^ = C n or BC n , i ? $ li A u t(<i-) = -F$ 2 ,Aut(*) if an d on h if 
M*i) - b m ($ 2 ) = oamC^i) - a 2m (^2) = 

and 

a 2m -i($i) - a 2m -i(<$>2) = c m _i($ 2 ) - Cm-x{$i) = d m {§ 2 ) - d m ($x) 
for any rn > 1. Here a m {§i), b m (&i), c m (&i), d m ($i) is the number of simple factors of 
$iC* C BC n isomorphic to A m _i, B m , C m or D m , respectively. 
In the case that = F4, i ? $ li Aut(<i') = -^ ? <i>2,Aut(<i') */ an d only if 

$1 ~ $2, 
{$!,$ 2 }~{^,Af + 2Af} 

or 

{$a, $2} ~ {A[ + A%, 7A\ + 2Af }. 



8.1. Classical irreducible root systems. As in Section 3 of |LPj . let 

Z n := ZBC n = A B c„ = span z {e 1) e 2 , ...,e n }, 
W n := Aut(BC n ) = W BCn = {±1}" x 5„, 
Z„ :=Q[Z n ], 

For m < n, the injection 

z m ^ z n . __ ;0m ) ^ (ai,...,,a m ,0,...,0) 
extends to an injection i m ^ n : Z m Z n . Define (j) m ,n ■ Z m — > 7L n by 

<j>m,n(z) = TTTFT E ""(V^))' 



Thus 4>m,n4>km = 0fc,n f° r an Y k < m < n and the image of <j) mn hes in Y n . Hence 
{Y m : (p m ,n} forms a direct system and we define 

Y = lim F n . 



Define the map j n : Z„ -)■ 7 by composing (j) ntP with the injection Y p >• y. The 
isomorphism Z m ©Z n — )• Z m+n gives a canonical isomorphism M : Z m ig)QZ n — >• Z m+n . 
Given two elements of Y represented by y G Ym and y' £ 7 n we define 

yy' = im+n{M{y®y')). 
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This product is independent of the choice of m and n and makes Y a commutative 
associative algebra. The monomials [ei] ai ■ ■ ■ [e n ] an (a\,a 2 , ■ ■ ■ , a n G Z) form a Q basis of 
7L n , where [ei] ai = [a^] E 1>\ is a linear character. Hence Y has a Q basis 

e(ai,a 2 ,...,a n ) = j n ([ ei ] ai ■■■ [e n ] a ") 

indexed by n > and a\ > a 2 > • • • > a n > 0. Mapping e(ai,02, ...,o n ) to x ai x a2 ■ ■ -x an , 
we get a Q linear map 

E :Y — > Q[x ,xi, ...,x n , ...]. 

Lemma 8.5. (|LPJ Page T/ie above map E is an algebra isomorphism. 

Proof. The bijectivity is clear. It is an isomorphism follows from the equality 

e(ai,a 2 , ■-, a m )e(bi,b 2 , b n ) = e(ci, c 2 , c m+n ), 

where (ci, c 2 , ■ c m+n ) is the re-permutation of {ai, a m , 61, 6 n } in deceasing order. 
This equlity can be proved by a combinatorial calculation. □ 

Definition 8.6. Write a n , b n , c n , d n for the image of j n (F$,W n ) under E for <I> = A n _x, 
B n; C n or D n , respectively. 

Observe that a n , b n , c n , d n are homogeneous polynomials of degree n with integer 
coefficients and a term Xq. 

Remark 8.7. Here, E maps linear characters to homogeneous polynomials. Letting xo = 
1, then the definition here becomes that in |LPj . In this terminology, each of a n , b n , c n , 
d n has integer coefficients and constant term 1. 

Note that our b n ,c n ,d n are b' n ,c' n ,d' n in [LPJ. For any a\ > a 2 > ■ ■ ■ > a n > and 
A = a\e\ + a 2 e 2 + • • • + a n e n , one sees that 

Xlw n = [ei} ai ---[e n r 
in Y. Thus E(x\ Wn ) = x ai x a2 ■ ■ ■ x an . 

For small n, we have a± = d\ = xo, b\ = xq — xi, c\ = xq — x 2 , 

2 2 
a.2 = x - x l , 

fa = xl - x xi - x x 3 + x\x 3 - x\ + 2x\x 2 - x 2 , 

C2 = X% - X X 2 - X0X4 + X 2 X 4 — x\ + 2X123 - xl, 

d 2 = Xq - 2x\ + x x 2 
and 03 = Xq — 2xoxf + 2x\x 2 — x§x\. 

For the convenience in writing notations, we define ao = fa = cq = do = 1 and 
c-i = x 1 . 

Proposition 8.8. ([LP\, Page 390) 

(1) We have c n ,d n+1 £ Q[x 1 ,x 2; ...,x 2 „] - Q[xi,x 2 , ...,x 2n -i], 

K G Q[xi,X 2 ,...,X 2 n-l] - Q[xi,X 2 , ...,X 2n - 2 }. 

(2) Each of b n ,Cn,d n +i is a prime in Q[xi,X2,...] and any two of them are different. 

(3) Each of the subsets {fa, ...,b n ,ci, ...,c n }, {fa, ...,b n ,d 2 , ...,d n+ i}, 
{c\, Cn, d 2 , d n+ i} is algebraically independent. 

Given / G Q[xq, x%, ...], let 

0-{f){xo,Xi, ...,X 2n ,X 2n+ i, ...) = /(xo, -Xl, ...,X 2n , ~X2n+l, •••)• 

Then a is an involutive automorphism of Q[xo, Xi, ...]. 

Proposition 8.9. We have a(a n ) = a n , cr(c n ) = c n , cr{d n ) = d n for any n and but 
o~(b n ) 7^ b n when n > 1. 



ON THE DIMENSION DATUM PROBLEM AND THE LINEAR DEPENDENCE PROBLEM 33 



Proof. This follows from the formula 



and the expression of 5$ for $ = A n _i, B n , C n , D n . □ 
Definition 8.10. Define b' n = cr{b n ). 

Proposition 8.11. For any n > 1, we have a 2n = bnb' n and a 2n +i = c n d n+ i. 
Proof. Given n > 1, define the matrices A n = {x\i_j\) nxn , 

Bn — yE\i— j\ ^i+j — l)nxm 
Cn — O^li— j\ •Ei+jjnxm 
B n = i x \i—j\ x i+j-l)nxm 
D n — + Xi-\-j— 2 )rixru 

where a^j = + if i, j > 2, aij = a^i = v^j-i, ati,i = 1- Then we have the 

following equalities: 

(3) a n = detA n , 

(4) b n = detB n , 

(5) b' n = detB' n , 

(6) c n = detC„, 

(7) dn = \ det Dn = det D ' n ' 

We prove the equality ([3]). The others can be proved similarly. Recall that 

where 

(n - l)ei + (n — 3)e 2 H + (1 - n)e n 



n + 1 

= (raei + (n - l)e 2 H he n ) — (e x + e 2 H he n ). 

Let 5' = nei + (n — l)e 2 + ■ ■ ■ + e n . Then 

*A„-i,W„ = X] e ( w )X*5'~w5',W n - 

WGSn 

Expanding det^4 n = det(xu_ji) nX n into the sum of terms according to permutations, a 
term corresponding to a permutation w & S n is equal to the polynomial E(j n (x*s'- W s' w ))• 
Summing up all terms, we get a n = det ^4 n . 
Let 

/ 1 



V 1 
J_r Lr 
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and 



V2 ±n 



J: 



2n+l 



V2 Lr 



V V2 



1 Lr 



By matrix calculation, we have 

J2nA 2n J 2n 1 



'hn+lMn+l'hn+l 



V2 
B 'n 

C n 



In j 



D' 



n+1 



Taking determinants, we get 02™ = b n b' n and a 2n+ \ = c n d n+ i. 



□ 



Corollary 8.12. Any multiplicative relation dTfiOTicj {a n j r \^h n) d n -\-i\fi ^ 1} is generated 
by {a 2n +i = c n d n+ i : n > 1}. 



Proof. This follows from Proposition 18.81 and Proposition 18.111 



□ 



Theorem 8.13. Given a classical irreducible root system ^f, if there exists non-conjugate 
sub-root systems $i and $2 ofty such that i ? $ lj Aut(*) = -^* 2 ,Aut(#)> then ^ = C n or BC n . 
In the case that ^ = C n or BC„, -F^Aut^, = -F$ 2 Aut(*) if an d only if 

Vm < n, 6 m ($i) - b m (<f> 2 ) = a 2m ($i) - a 2m ($ 2 ) = 

and a 2m+ i($i) - a 2 m+i($2) = c m ($ 2 ) - c m ($i) = d m+1 ($ 2 ) - d m+ i($i). 

//ere a m ($j), 6 m ($j), c m (<£j), d m (<I>j) is the number of simple factors of &i C BC n isomor- 
phic to A m _i, B m , C m , D m respectively. 

Note that, we embed A m _i, B m , C m , D m into BC n (n > m) in the standard way. This 
means that the sub-root systems Ai, Bi, Ci are non-isomorphic to each other, as well as 
each of the pairs (B 2 ,C 2 ), (D 2 ,Ai(JAi) and (A 3 ,D 3 ). 



Proof of Theorem \8. 131 In the case of ^ = C n or BC n , since j n : Y n 
F$i,W n = F$2,W„ if and only if E(F^ ljWn ) = E(F$ 2>Wn ), i.e. 



Y is an injection, 



no 

Ki<n 



Here we write rm = a m (&j), s m ' = b m ($j 
conclusion follows from Corollary 18.121 

In the case that = B n (ra > 1) or D n (n > 5), Aut(^ 



a 



„(2) J2) (2) (2) 

' 6?* C " 1 : 



n( 

l<i<n 

,0') _ „ of, \ Ji) 



c m (&j), vfn = d m (<frj). Therefore the 



W n . Since any Ck is not 



contained in B n or D n , the conclusion follows from the conclusion for BC n case. 

In the case that \& = D4, only the characters of the non-conjugate sub-root systems 
A 2 ,4Ai have the equal leading term, which is X2ui 2 - We have 



and 



FiAuWv = 1 - 4 X^ 2 + 2(xLi + + X<LJ ~ 4 Xw 1+W3 +^4 + xLa- 
Thus i ? J 4 2) iy s , 7^ ^4Ai,w*- Therefore the conclusion follows. 

In the case that = A„_i, F $li A u t* = i^Aut* implies that 25q> l ~Aut(tf) 2 <5* 2 
the latter implies that $1 ~Aut(*) ^2- Therefore the conclusion follows. 



And 

□ 
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8.2. Exceptional irreducible root systems. In Section [71 we give the formulas of 25'^ 
and their modulus squares for reduced sub-root systems of the exceptional simple root 
systems Vl/ = Eq, E7, Eg, F4 or G2. Using these formulas, in this section we classify 
non-conjugate sub-root systems $1,^2 of any exceptional irreducible root system such 
that 

F<b lt Wy = F$ 2 ,W 9 - 

Theorem 8.14. Given an irreducible root system ^ = Eq, Ej, Es, F4 or G2, if there exists 
non-conjugate reduced sub-root systems <l>i and $2 of^f such that i ? $ li Aut(i') = ^ ? $ 2 ,Aut(4'); 
then^^F 4 . 

In the case that ^ = F4, F$ l5 ^ = F$ 2 ^ and $1 96 $2 if and only if 

{$!, $2} ~ {Al A\ + 2Af } or {A\ + A%, 2A\ + 2Af}. 

Proof. In the case that ^ = Eq, among the dominant integral weights appearing in 
{2(5^,1 C Eg}, those weights that appearing more than once include {2oj2,2uja} and 
the sub-root systems <3? with 2<5$ conjugate to them are 

(1) 2u; 2 : A 2 , 4A(, appears 2 times. 

(2) 2W4: 3A2, As + 2Ai, appears 2 times. 

The coefficients of xti 2 i n -^A 2 ,Aut(E 6 )> -^4Ai,Aut(E 6 ) are different and the coefficients of xti 2 
in -F3A 2 ,Aut(E 6 )' ^A 3 +2Ai,Aut(E 6 ) are a ^ so different. Therefore the conclusion in the Eq case 
follows. 

In the case that \1/ = E7, among the dominant integral weights appearing in {25'^\ <1> C 
E7}, those weights that appearing more than once include 

{2u>\, u)x + ujq, w 4 ,2o;2,2a;3,2a;i + 2ojq, oj\ + UJ4 + uq} 

and the sub-root systems <1> with 25$ conjugate to them are 

(1) 2lo±: A2, ^A\, appears two times. 

(2) ui\ + loq: A2 + Ai, 5Ai, appears two times. 

(3) 0J4: A2 + 2A\, QA\, appears two times. 

(4) 2uj2'- A2 + 3j4i, 7j4i, appears two times. 

(5) 2u;3: 3^2, A3 + 2Ai, appears two times. 

(6) 2ui + 2uq: A^, 2 A3, appears two times. 

(7) ui\ + LU4 + ujq: A4 + A±, 2A3 + Ai, appears two times. 

Given a weight A, there are at most two conjugacy classes of sub-root systems $i,$2 
of E7 such that 25'$ = A. For each of such A, the numbers of simple roots in $i,3>2 are 
non-equal. Thus the coefficients of x* a in -F^We,. and F$> 2 ,We 7 are different. Therefore 
the conclusion in the E7 case follows. 

In the case that \1/ = Es, among the dominant integral weights appearing in {25'^\ C 
Eg}, those weights that appearing more than once include 

{2lus,uji + oj$, ojq,u> 3 , 2uji,2oj 7 ,u>2 + oj?,ui + ojq, 2w 2 ,2o;i + 2oj$, uj\ + ojq + u) 8 , 

0J4 + u> 8 , 2uj 2 + 2uj 8 , 2oj 5 , 2uji + 2w 6 } 

and the sub-root systems $ with 25$ conjugate to them are 

(1) 2uj%: A2, 4:A\, appears two times. 

(2) uii + A2 + Ai, 5Ai, appears two times. 

(3) ojq: A2 + 2Ai, QAi, appears two times. 

(4) 0J3: A2 + 3j4i, 7Ai, appears two times. 

(5) 2to>i: 2^2, A2 + 4j4i, 8A1, appears three times. 

(6) 2uj: A3 + 2Ai, 3A2, appears two times. 

(7) 0J2 + ^7: A3 + 3Ai, 3^4 2 + Ai, appears two times. 
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(8) uj\ + uq: A3 + 4A i; A3 + A2, appears two times. 

(9) 2^2: A3 + A2 + 2Ai, 4A2, appears two times. 

(10) 2cl>i + 2ojs- A4, 2A3, appears two times. 

(11) lui + ojq + ujg: A4 + Ai, 2A3 + Ai, appears two times. 

(12) W4 + us- A4 + 2A\, 2 A3 + 2Ai, appears two times. 

(13) 2^2 + 2ui%: D4 + A2, D4 + 4Ai, appears two times. 

(14) 2^5: Ac, + A2 + A\ , 2A4, appears two times. 

(15) 2oj\ + 2^6 : A@, 2D4, appears two times. 

One sees: for any two non-conjugate sub-root systems &i,<&2 C Eg with 28$ = 
28'$ 2 , the numbers of simple roots of $1,^2 are non-equal, so the coefficients of %* x 
in F$ lt w E , -P$ 2 ,Wb 8 are different. Thus F^Wj, / F $2,W Es - Therefore the conclusion in 
the Eg case follows. 

In the case that $ = F4, among the dominant integral weights appearing in {28$ : $ C 
F4}, those weights that appearing more than once include 

{UJ±, LO3, 2t<J4, UJ2, 2lO±,UJi + 2(^4, 2L03, 20J\ + 2tJ4, 2(^3 + 2CJ4} 

and the sub-root systems $ with 2<5<j> conjugate to them are 

(1) u!\: Af , 2Af, appears 2 times. 

(2) 0J3: Af + Af , 3Af , appears 2 times. 

(3) 2w 4 : , 2Af , Af + 2Af, 4Af , appears 4 times. 

(4) uj 2 - 3Af , 2Af + 2Af , Af + Af , appears 3 times. 

(5) 2wi: A%, 4Af , appears 2 times. 

(6) oj\ + 2^4: Af , B2, appears 2 times. 

(7) 2o; 3 : Af + Af , Af + B 2 , 2Af + B 2 , Af + Af , appears 4 times. 

(8) 2wi + 2^4: A3 , 2£?2, appears 2 times. 

(9) 2^3 + 2^4: Df, C3, appears 2 times. 

The non-conjugate pairs of sub-root system $1,^2 C F4 with conjugate leading terms 
28$. and the same number of short simple roots are (Af,Af+2Af), (2Af +2Af , Af +Af ), 
(A%, 4Af ), (2Af + B 2 , Af + Af ). The coefficients of shortest terms in F A^,F^ F iA{,F 4 are 
non-equal, and F 2A s +B , 2 is not equal to F a l +a s since 

F 2Af +b 2 ,Wf 4 = 1 — 3xt, 4 + 2xi 1 + Xu 3 ~ X2u> 4 + 2x^+^4 — ^xt) 2 + 2y^ 3 +o) 4 ~ 

X2u>l 2X£Jl+U>3 — X3w 4 2Xu>l+2u>4 ~ ^Xw 2 +W4 X2UJ3 

and 

F Af +A§ ,W F4 = 1 ~ 3 X^ 4 + 7x^,3 - 3xL 4 ~ 6 X^i+w 4 + 6Xw 3 +w 4 + 3 xLi - 

^Xu>l+U>3 X3w 4 ~l~ 3 Xu2+W 4 X2wz' 

Calculation shows that 

F Al ,W F4 = F Af+2Af,W F4 = 1 - 2 X* 4 + 2x* 3 - X*2u> 4 

and 

^Af +Af ,Wp 4 = F 2Af+2Af,W F4 = 1 ~~ 2 X^ 4 — Xwi + 4 Xw 3 ~ X2u> 4 ~~ 2 X^ 1+tJ4 + X*ui 2 ■ 

Therefore the conclusion in the F4 case follows. 

In the case that = G2, the only non-conjugate pair ($1,^2) of sub-root systems 
such that 28$ = 28$ 2 is (Af, Af + Af). The numbers of short simple roots of Af and 
Af + Af are different, so the coefficients of xZ 2 m -^4 S w G > F A L +A S w G are non - ec l uai - 
Thus F$ 1; w G2 7^ F$ 2> w Gl - Therefore the conclusion in the G2 case follows. □ 
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9. Linear relations among dimension data 



In this section, we solve Question 15.21 

First, once we know all linear relations among <E> C we also know all linear 

relations among {.F^wl $ C \&} for any finite group W between and Aut(^). So we 
just need to consider the linear relations among {-F$,iy*| 3> C ^}. 

If ^> is not an irreducible root system, let 



be the decomposition of ^ into a direct sum of simple root systems. For a reduced sub- 
root system <3? of \£, <3? can be written as $ = |_l 1<i<s where <I>j C \Pi for any 1 < i < s. 
Thus we have 

From this, we see that linear relations among {-F$,^| 3> C \&} arise from linear relations 
among {-F^wvl ®i C ^i, 1 < « < s}. Hence it is sufficient to consider {F^vt^l C V?} 
for reduced sub-root systems {<3?| <3? C of an irreducible root system 

Remark 9.1. The passing from {F$ t w\$ C ^} to {F$ t w 9 \$ C is like that: any 
linear relation among the former is also a linear relation among the latter; and any linear 
relation among the latter gives a linear relation among the former after the W -averaging 
process, that is to replace a character £ Q.[M by 



But the relation between the two sets of linear relations might not be described explicitly, 
there are at least two reasons for this. The first reason is the number of distinct char- 
acters in {7.P* w<j : 7 £ Ty/VF^} may vary; the second and the more serious reason is 
different linear relations among {i*$,w^|<I> C ^} may give the same linear relation among 
{F$,w C ^} after the W -averaging process. 

The passing from {F$ t Wy\$ C ^} to {F$ i> Wy.\$i C ^i} is reasonably well, since by 
Linear Algebra all linear relations among the former can be explicitly expressed in terms 
of linear relations among the latter. 

Remark 9.2. Another way of getting all linear relations among {F$\y\$> C is to 
express each F$ ; w in terms of {F$ u w 9 .} by the tensor operation and the W -averaging 
operation. Starting from all linear linear relations among {F^w*. '■ &i C * n this 

way we can get all linear relations among {F$ t w |3> C 

For two reduced sub-root systems $1,^2 C \E r with $2 ®i> the above way is useful 
for checking if ' F$ lt w = F$ 2j w or not. We express F$ 1; w — F$ 2 ,w * n terms of{F$ u \y 9 } by 
tensor operation, addition and subtraction. Then the linear relations among {F$ ij ^\y 9 : 
C *S>i} tells us if such an expression is or not. For example, in the case that 
^ = m^o and W = (Wy ) m xi A m , if&i, . . . , $ m C $o a re reduced sub-root systems such 
that F$ lt Wy , . . . , F$ mi w 9 are linearly dependent, then for 



Ki<s 




$ = $1 U $2 u • • • u $ 



111 



and 



f = $ 2 U$iU$ 3 U$ 4 U'--U$ 



we have F$ lt w = F$ 2) w 



38 



JUN YU 



9.1. Algebraic relations among {a n ,b n ,b' n ,c n ,d n \ n > 1}. The following proposition 
can be proven in a similar way as the proof of Proposition 18.111 The method is: after 
showing equalities we are led to prove some identities for determinants. 

Proposition 9.3. For any n > 0, we have a 2n = b n b' n , a 2n+ i = c n d n+ i, 2a 2n = c n d n + 
Cn-idn+i and 2a 2n +i = b n b' n+1 + b' n b n+ i. 

Proof. The equalties 

(8) a 2n = b n b' n 
and 

(9) 02n+l = c nd n +l 

are proven in Proposition 18.111 We prove 

(10) 2a 2 „ = c n d n + c n -id n+ i 
and 

(11) 2a 2n +i = Kb' n+ i + b' n b n+ i 

here. In the proof of Proposition 18.11] we have introduced the matrices A n , B n , C n , D n , 
D' n and expressed their determinants in terms of the polynomials a n , b n , c n , d n . 
Let 

/ x Xi 

x 



A!, 



2n 



X 2n -2 %2n-3 
\ X 2n -1 + Xi X 2n -2 + X 2 



X2n-2 X 2n -1 \ 

X2n-3 X2n-2 



and 



A" 

^2n 



X 
X\ 



Xo 



X Xl 

XI + x 2n -i x + x 2n ) 

X2n-2 X 2n -i \ 

X 2n -3 X 2n - 2 



X2n-2 X 2n -2, 
\ X 2n -l - Xi X 2n -2 - X 2 



,T 



Xl 



Then 
Define 



• Xi - X 2n -l X - X 2n J 

det A' 2n + det A 2n = 2 det A 2n = 2a 2n . 



( T^n-l 0(n-l)xl _ "TJ^™- 1 0(n-l)xl \ 



Jo 



2n 







lx(n-l) 



1 







lx(n-l) 







T/J-^n-l 0(n-l)xl -j^I n -i 0( n _!) 



V2 



)xl 



\ Olx(n-l) lx ( n _!) 



and 



• \72^ n_1 ^(n-l)xl 0( n _!) xl \ 



J" 



2n 



(n-l)xl "75 n_1 U (™-1)> 







lx(n-l) 







lx(n-l) 



(n _i )xl (n _i) 



V2" 



)xl 



\ Olx(n-l) 

By matrix calculation, we get 



^2n^2n(<^2n) 







lx(n-l) 



0(n+l)x(n-l) X 2 
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with detXi = c n _i and detX2 = d n+ \. Similarly we get 

Y 2 *2 
Onxn l\ 



T" A" ( T" "r 1 

J 2n A 2n\ J 2n) 



with detYi = c n and det Y2 = d n . Taking determinants, we get 

2a2n = c n d n + C n -id n+ \. 



Let 



A!, 



2n+l 



,T 
X2n-l 



X\ 
X 

X2n-2 



X2n-2 
X2n-2 

XQ 



X 2 n 
X2n-1 

Xl 



\ x 2n + Xl X 2n -1 + x 2 



Xl + x 2n X Q + X 2n+ l J 



and 



/ 



A" 

Sin, 



2n+l 



X 
Xl 



Xl 
XQ 



X2n-1 X 2n - 2 
\ X 2n - Xl X2n-1 ~ X 2 



X 2n -1 
X2n-2 

Xq 



X2n 
X2n-1 

X L 



Then we have 
Let 

and 



, xi - x 2n x Q - x 2n+ i J 
det A' 2n+1 + det A 2n+1 = 2 det A 2n+ i = 2a 2n +i- 



4 



' TI 7 ™- 1 ~~72 Ln - 1 °(n-l)xl \ 



2n+l 



T" 

J 2n+1 



V2 



In-1 



0r„_ 



X (n— 1) 



(n-l)xl 
1 



~72 Ln - 1 



-J^Ln-\ 0(n-l)xl 
73 1 ™" 1 °(n-l)xl 



X 



\ Olx(n-l) Olx(n-l) 

By matrix calculation, we get 

^2n+1^2n+l(^2n+l) 1 = 

with detXi = b n and detX2 = b' n+1 . Similarly we get 

j'in+lA^in+l {J'in+l ) 



1 







(n+l)x(n-l) 



X 2 



Y 2 * 2 
Onxn Yy 

with detli = b n+ i and det Y2 = b' n . Taking determinants, we get 

2ci2n+i = b n b' n+l + b n+ ib' n . 



□ 



Remark 9.4. Here, we remark that, the equations (E))-([?p are discovered in |AYY| and 
the equalities 

det A 2n = det B n det B' n , 
det ^2n+i = det C n det D' n+l , 
2 det ^2n = det C n det D n + det C n _i det D' n+1 

and 

2 det A 2n+ i = det B n det B' n+1 + det B n+ \ det B' n 
are "proven in the book |VD| . Page 88. 
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Proposition 9.5. The equalities a 2n = b n b' n , 2o 2n = c n d n + Cn-id n+ i, a 2n +i = c n d n+ i, 
2a 2n+ \ = b n b' n+1 + b' n b n+ i generate all algebraic relations among 

d n \n > 1}. 

Proof. By Proposition 18.81 we know that {b n ,c n \n > 1} are algebraically independent. 
It is clear that, from these equalities we can express a n ,b' n ,d n in terms of rational func- 
tions of {b m ,c m \l < m < n}, so these equalities generate all algebraic relations among 
{a n ,b n ,b' n ,c n ,d n \n > 1}. □ 

Remark 9.6. More important than Proposition ^. 5\ itself is: we can use the four identities 
to derive many other algebraic relations. Moreover, by expressing a n ,b' n ,d n in terms 
of rational functions of {b m ,c m \l < m < n}, we are able to check whether any given 
polynomial function of {a n ,b n ,b' n ,c n ,d n \n > 1} is identical to or not. 

Type BC. From the equations b n+1 b' n + b n b n+1 = 2c n d n+1 , 2b n b' n = c n d n + c n -id n+ i, 
2b n+1 b' n+1 = c n+1 d n+1 + c n d n+2 , we get 

(12) bn+i( c nd n + c n -\d n+ i) + b\{c n+ \d n+ i + c n d n+ 2) — 4b n+ ib n c n d n+ i — 0. 

When n = 0, this equation is 2b\ + {c\d\ + d 2 ) — 4&i<ii = 0. Since {d n ,c n \n > 1} 
are algebraically independent, so these equations generate all algebraic relations among 
{b n ,c n ,d n \ n > 1}. Together with the identities a2 n -i — c n -\d n = and 2a 2n — c n d n — 
Cn-idn+i = 0, they generate all algebraic relations among {a n ,b n ,c n ,d n \ n > 1}. 
Type B. From 2a 2n +i = b n+iK + b n b n+1 , a 2n+2 = b n+1 b' n+1 , a 2n = b n b' n , we get 

(13) G2n+2&n + a 2n&n+l = 2a 2n+ ib n b n+ i . 

From 2a 2 „ = c n d n + c n -id n+ i, a 2n +i = c n d n+ i, a 2 „-i = c n -id n , we get 

(14) a 2n+ id\ + a 2n -i^n+i = 2a 2n d n d n+ i. 
The equalities 

{a 2n+2 b 2 n + a 2n b 2 n+1 - 2a 2n+1 b n b n+1 = 0| n > 0} 

and 

{a2n+idi + a 2n _id n+1 - 2a 2n d n d n+ i = 0| n > 1} 

generate all algebraic relations among {a n ,b n ,d n \ n > 1}. Here we regard a_i = d^ 1 = 
Xq 1 , a = 1. 

Type C. We have 

(15) a 2n+ i = c n d n+ i 
and 

(16) 2a 2n +2 = Cn+\d n +i + c n d n+2 
As {d n ,c n \n > 1} are algebraically independent, the equalities 

{«2n+i - c n d n+1 = 0| n > 1} 

and 

{2a 2n+2 - c n+ id n+ i - c n d n+2 = 0| n > 0} 

generate all algebraic relations among {a n ,c n ,d n \ n > 1}. 
Type D. The equations 

{a2n+idn + a 2n _id^ +1 — 2a 2n d n d n+ i = 0| n > 1} 

generate all algebraic relations among {a n ,d n \ n > 1}. 
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Remark 9.7. Let 

R = Q[{Z/l,n, V2,n, V3,n, 2/4,n, 2/5,n| n > 1}] 

be the free polynomial algebra over the rational field with infinitely many indeterminates 

{Vl,n,y2,n,y3,n,y4,n,y5,n\ n> 1}. 

Let 

Eva : R — > Q[{x n \ n > 1}] 
be the homomorphism defined by 

Eva(xi jn ) = a n , Eva(£ 2 ,n) = b n , Eva(x 3i „) = b' n 

and 

Eva(x 4i „) = c„, Eva(x 5i „) = d n . 

Let L be the kernel of I . Let 

(17) fl, n = yi,2n ~ y2, n y3,n, 

(18) f2,n = yi,2n+l ~ 2/4,ny5,n+l> 

(19) h, n = 2yi,2n - 2/4,n?/5,n ~ 2/4,n-l2/5,n+l 

and 

(20) fi,n = 2yi i2 ri+l ~ y2, n y3,n+l ~ 2/3,n2/2,n+l ■ 

Then fi, n , f2,n, f'3,n, fi,n £ I for any n > 1. Moreover, let R\ be the lozalization of R 
with respect to the multiplicative system generated by {y2,n,yi,n\ n > 1}- Then we have 
a homomorphism Evai : R\ — > Q({x n \ n > 1}]). One can show that, the elements 
{fi,n, f2,n, f3,n, fi,n\ n > 1} genetate the kernel o/Evai. Similarly, they generate the cor- 
responding kernels if we consider the localization with respect to the multiplicative system 
generated by {?/3,n, 2/4,n| n > 1} (or {y2,n,y4,n\ n > 1}; etc) and the similar homomor- 
phism. Does {/i, n , f2,m f3,m fi,n\ n > 1} generate L? It seems to the author that the 
answer to this is no. In that case, can one find a system of gneerators of I? One could 
consider a subset of {a n ,b n ,b' n ,c n ,d n \ n > 1} (e.g, {a n ,b n ,c n ,d n \ n> 1}), the similar 
homomorphism as the above Eva and ask about the generators of the kernel. 

9.2. Classical irreducible root systems. 

Proposition 9.8. Given a root system ^> and an automorphism 7 £ Aut(^), if 7$ = $ 
for a reduced sub-root system <1> of ^ , then jF$ ; w 9 = F$,w 9 - 

Proof. Replacing 7 by some wj (w £ W$) if necessary, we may assume that 7$+ = <J> + . 
Then 7<5<j> = 5$ and 7 maps simple roots of <1> to simple roots. By the latter, we get that 
jW^- 1 = W*. 



Hence 



= V 



= 

■jueW$ 



wew^ 

. * 

A,— w8&,Win 

wEW<s, 



□ 
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Given a classical irreducible root system of rank n, in the case that \P = A n (n > 1), 
we have the following simple statement. 

Proposition 9.9. For any sub-root system $ C A n , F$^w A = i^AutfA^) ■ 

For any two sub-root systems $i, ^2 C A n; 25$ = 25§ 2 if and only if $i ~ $2- 

For any pairwise non-conjugate sub-root systems C A n , i/te characters 

{F$ it w A |1 < i < s} are linearly independent. 

Proof. By Proposition 19.81 we have i 7 $,vK A „ = -^$,Aut(A„) since there exists 7 G Aut(A n ) — 
Wa u such that 7$ = $ (the index of Wa„ in Aut(A n ) is 2). 
For a sub-root system 

$ 9* |J A ni _i C A n 

1<1<S 

with nj > 1 and Y^i<i<s ^ = n + 1, 

2o"$ ~ (m — 1, ni — 3, 1 — rti, n s — 1, n s — 3, 1 — n s ). 

V v ' V v ' 

From this one sees that the weights 25$ are non-conjugate for any two non-conjugate 
sub-root systems. Therefore the remaining conclusions in the proposition follow. □ 

In the case that \P = BC n , B n or C n , we have W$ = Wbc„ = W n . Therefore, the ques- 
tion of getting linear relations among {-F*,w*| $ C reduces to the question of getting 
algebraic relations of homogeneous degree n among the polynomials {a m ,b m ,c m ,d m \ 1 < 
?7i < n}, {a m , b m , d m \ 1 < m < n}, {a m , c m , d m \ 1 < m < n}, respectively. These algebraic 
relations are discussed in the last subsection. 

In the case of \P = BC n , we make an interesting observation. We have showed the 
equations b 2 n+l {c n d n + c n _id n+ i) + b 2 n (c n+1 d n+ i + c n d n+2 ) - Ab n+ ib n c n d n+1 = for any 
n > 0. When n = and n = 1, they are 2b\ + {c\d\ + d 2 ) — 4b\d\ = and 

&l(ci<ii + d 2 ) + b\(c 2 d 2 + cid 3 ) - Ab 2 b\C\d 2 = 0. 
Eliminating d\, we get 

= {Abi - ci^blicidx + d 2 ) + b\{c 2 d 2 + cid ?J ) - kb 2 bicid 2 ) 
+{bl Cl ){2b\ + (cidi + tfc) - 46idi) 
= fei(26i6^ci + 46?c 2 d2 + 46?cid 3 + 46 2 c?d 2 + 4o 2 d 2 
-b\c\c 2 d 2 - hcfds - 16bib 2 cid 2 ). 
Since b\ = xq — x\ is irreducible, we get 

2b x b\cx + 4b\c 2 d 2 + 4ofcid 3 + 46 2 c?d 2 + 4o 2 d 2 - b x c x c 2 d 2 - b x c\d ?:> - \<ob x b 2 c x d 2 = 0. 

This gives 8 rank-6 semisimple subgroups of SU(15) with linearly dependent dimension 
data. This equation is also given in [AYYj . Example 5.6 and implicit in [LP| . Page 393. 

In the case of \P = D n (n > 4), algebraic relations of homogeneous degree n among 
{o-m, c m , d m \l < m < 1} correspond to the linear relations among the characters 

{F^ Wn \ $CD n }. 

Note that 

W Dn = T n x S n 
is a subgroup of W n of index 2, where 

T„ = {(a 1 ,a 2 , . . . ,a n ) C {±l} n : a x a 2 ---a n = 1}. 

Proposition 9.10. Given \I/ = D n (n > A) and a sub-root system <E> C VP, the following 
conditions are equivalent to each other: 
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(1) F$ t W* ¥= F$,W n - 

(2) 25'^ is not W n invariant. 
(3) 

*= U 

l<i<s 

with 2 < m < n 2 ■ ■ ■ < n s < n, each m is even, and ri\ + n 2 + • • • + n s = n. 
(4) $ 9^iy Dn 7* for some (equivalently, for any) 7 S W n — Wd„- 

Proof. (2) =>- (1) is clear. We prove (1) (3), (3) =>- (2) and (3) 4^ (4) in the below. 
Any sub-root system <1> of D n (cf. |LPj and |Usj ) is conjugate to one of 

( U D -)U( U a**). 

l<i<s l<j<i 

where > 1, rrij > 2, Y^i<i< s n i + Y^i<j<t m j = n - Tnus ( 3 ) ^ ( 4 )- 

If (3) does not hold, then s > 1 or s = and some is odd. In the case that s > 1, 
we may assume that D ni = {e% — e 2 , • • • , e ni _i — e ni , e m _i + e ni ) C Thus si<3? = <£. 
By Proposition 19.81 we get si-F$,w^ = Pj^wv Since s\,Wj) n generate Aut(D n ) (n > 5), 
we have 

F<5>,Wy = F$,W„- 

In the case that s = and some mj is odd, we may and do assume that mi is odd and 
A mi = (ei - e 2 , . . . ,e mi _i - e mi ). Then s 4 s 2 • • • s mi $ = % Proposition [Ml 

• • • s mi F<s> } Wie = Fi&y/y. 

Since s\s 2 • • • s mi , Wn n generate Aut(D n ) (n > 5), we get F$ w 9 = -P* w„- This proves 
(1)=>(3). 

If (3) holds, by calculation we get 

25$ = (ni - 1, ni - 3, . . . , 1 - n\, . . . , n s - 1, . . . , 3 - n s , 1 - n s ). 

Thus 25^, is not W n invariant. This proves (3) => (2). □ 

By Proposition 19.101 for any sub-root system <3? of D ra , either Wd„$ = W n <& and 
F$ i lf Dn = F$ : w„, or Wb n 3> 7^ Wn* and F$ t w Dn , ^7$,w D are linearly independent. 
Here 7 is any element in W n — Wv n . In this way we get all linear relations among 
0*$,W D : $ C D n } from the linear relations among {F$^\y n : <3? C D n }. 

In the case of = D4, its automorphism group is larger than W n . We discuss more on 
this case. Firstly the W^-conjugacy classes of sub-root systems are 

0, Ax, A 2 , D 2 , 2A U (2A t y, A 3 

and 

(A 3 )', D 3 , D 2 + At, D 4 , 2D 2 . 

Here 

D 2 = (ei - e 2 ,ei + e 2 ), 
2Ai = (ei - e 2 ,e 3 - e 4 ), 
(2711)' = (ei - e 2 ,e 3 + e 4 ), 
^3 = (ei - e 2 ,e 2 - e 3 ,e 3 - e 4 ), 
(A 3 )' = (ei - e 2 , e 2 - e 3 , e 3 + e 4 ) 

and 

£>3 = (e 2 - e 3 ,e 3 - e 4 ,e 3 + e 4 ). 
The sub-root systems D 2 , 2A±, (2Ai)' are conjugate to each other under Aut(D 4 ), and 
the sub-root systems A 3 , (-A3)', D 3 are conjugate to each other under Aut(D 4 ). 
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Only the characters of sub-root systems A2 and 4A\ have equal leading term, which is 
2(^2 • We have 

FlAuW* = 1 - 4X^,2 + 2(xLi + ^2o; 3 + X-LJ - ^^i^i^ + XsU- 
A little more calculation shows that 

This equality also follows from the equality 03 + d\ = da(c\ + da) = 2a2<i2 by noting 
that -F$ i h / d 4 = F$,Wa if ^? = 4^4i or D2 + A\. This is the only linear relation among 
{F^ Wd J $ C D 4 }. 

Proposition 9.11. Given a compact connected simple Lie group G of type B n (n > 4), 
C n (n > 3) or D n (n > 4), there exist non-isomorphic closed connected subgroups of G 
with linearly dependent dimension data. 

Proof. Taking n = 1 in Equation (j!4|) and using a\ = d\ = xq, we get 

a%di + d\ — 202^2 = 0. 

This gives us a linear relation of three non-isomorphic subgroups of G in the case that G is 
of type B n or D ra with n > 4. In the D n case, by Proposition 19. 101 we know that the Wd„ 
trace and the W n trace of characters are equal for the sub-root systems corresponding to 
the polynomials a%d\, d\ and 02^2 ■ 
By Equations ([To]) and (fTE]) . we get 

2 2 
2a2n+2C n C n +l — C n+1 02n+l ~ C n a2n+3 = 0. 

Taking n = 0, we get 2a2C± — a\c\ — 03 = 0, which gives us a linear relation of three 
non-isomorphic subgroups of G in the case that G is of type C n with n > 3. □ 

9.3. A generating function. Given an irreducible root system ^ with a positive system 
\E' + , a root a 6 ^ is called a short root if for any other root /5 S either (a,/3) = or 
\(3\ > \a\. We normalize the inner product on \E' (or to say, on A^) by letting all the short 
roots of \E f have length 1. For a reduced sub-root system $ of ^, recall that 

fa = 2 X] a 

and 5^, be the unique dominant weight in the Weyl group (of VP) orbit of 5$. Let e(3>) = 
1 25$ 1 2 be the square of the length of 25$. 

Definition 9.12. For a reduced sub-root system of ^> , let 

= £{w)t\ 5 *- w5 *\\ 

In particular let /*(t) = 

As I <5$ — w5$,\ 2 = (25$, 5$ — w6$), an equivalent definition for /$ is 

If $ = Ui<i<s ^ s an orthogonal decomposition of <3? into irreducible sub-root systems 
and yfrl is the shortest length of roots in $j C then 

/*,*= n /*i(* ri )- 

l<i<s 
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Thus the calculation of the polynomials reduces to the calculation of the polyno- 

mials f\z(t) for irreducible root systems. 

Definition 9.13. Let A$ C Q^f be the set of integral weights of ^f. For any weight 
A G Aq,, define 

We define a linear map 

E' = Q[A*] W * — > Q[t] 

fry J B'(xl) = t |A|2 - 

Proposition 9.14. Given a reduced sub-root system o/if, we /iave £^'(F$ 5 ^) = 
Proof. This follows from the formulas 

and 

/*,*(*) = E eM* |i *~ ,oi * |a - 

□ 

Let ^ : Q[xo, sci, • • • , x n , . . . ] — > Q[t] be an algebra homomorphism defined by 

tp(x n ) =t n2 ,Vn> 0. 

Proposition 9.15. Given ^ = BC n and a reduced sub-root system $ o/BC n; we have 

fay = ljj(E(j n (F^ Wn )), 

Proof. This follows from the definitions of E, ip and □ 

Recall that E{j n {F^,^ n )) £ Q[xo,xi, . . . ,x n , . . .] is the multi- variable polynomial as- 
sociated to reduced sub-root systems of BC ra in Section [8j Proposition 19.151 connects two 
polynomials by a simple relation. 

For irreducible reduced root systems of small rank, calculation shows that / Al = 1 — t, 

/ A2 = (l-t) 2 (l-t 2 ), 

/ B2 = (l-t)(l-t 2 )(l-t 3 )(l-t 4 ), 
/ G2 = (1 - t)(l - t 3 )(l - t 4 )(l - t 5 )(l - t 6 )(l - t 9 ), 
and /a 3 = (1 — t) 3 (l — t 2 ) 2 (l — t 3 ). By calculation, we also have 

/a 4 = 1 - At + 3x 2 + 6x 3 - 7x 4 - 2x 5 - 4x 6 + higher terms, 
/d 4 = 1 — 4t + 3x 2 + 5x 3 — 3x 4 — 6x 5 — 6x 6 + higher terms, 
/ Ag = 1 - 5t + 6x 2 + 7x 3 - 16x 4 + Ox 5 + 2x 6 + higher terms. 

Proposition 9.16. /$,$ has constant term 1 and leading term ( — l)l* + ltl 2<5 *l 2 , it satisfies 

UMt) = (-i)i* + iti 2<5 *i 2 fair 1 ). 

Proof. Recall that, W§ has a longest element wo which maps <3? + to — <3? + , so e Wo = (— 
and wq{5§) = — (5$. Moreover, For any w £ W, we have 

(2(5$, 5$ — + (2(5$, (5$ — wo^" 1 ^) = |2i5$| 2 . 

Therefore the proposition follows. □ 
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Proposition 9.17. Given an irreducible reduced root system ^ , we have 

h= n (i-t (25 *' a) ). 

Proof. Let E" : Q[A#] — > Q[t] be a linear map denned by 

E"{[X]) = t^' x \ VAG A*. 
Then E" is an algebra homomorphism and we have 

h(t) = E"{ signHp* - wSy]). 

By the Weyl denominator formula, we have 

£ signMM*]= J] ([f ] - [-f ])- 

Then we have 

^ sign(io)[5* - iw<5$] = JJ (1 - [a]). 
Taking the map E" on both sides, we get 

h= n (i-i (2<5 * ,a) ). 



□ 



9.4. Exceptional irreducible root systems. In this subsection, for any exceptional ir- 
reducible root system ^, we consider the linear relations among the characters {F$ y/ 9 | <5 C 

*}■ 

We start with some observations. 
Firstly, if 

l<i<s 

for some reduced sub-root systems {$; C f : 1 < i < s) and some non-zero coefficients 
{cj G R : 1 < i < s}, then for any z with 

|4. | = max{|4 j | : 1 < j < i}, 

there exits j ^ i such that 5$ = 5'^.. Since otherwise, x^ w 9 nas a n on-zero coefficient 
in the character ^i<j< s CiF&i,W*- 

Secondly, if <&i, . . . , $ s are all contained in another reduced sub-root system Vl/' of 'J, 
and J]i<i< s c i F $i,Wy, = for some constants c±, . . . ,c s G R, then Z)i<i< s ^-^..w* = °- 
This is due to 

for each i, 1 < i < s. 

Thirdly, if . . . , <J>' S are all contained in another reduced sub-root system of ^, 
and 

l<j<s 

for some constants a, . . . , c s . Let 

$' C = {a G *|(a,/3) = 0,V/3 G 
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and $i = ®t U Then 

ciF$. )W9 = o. 

l<i<s 

This follows from the second observation. 
Fourthly, if 52i<i< 3 CiF&i.Wi, = 0, then 

^2 ciUt^ = o. 

l<i<s 

This follows by applying the map E' . 

Type Eg. In the proof of Theorem 18.144 we have observed that only the two weights 
2w2,2cj4 are of the form 25$ for at least two non-conjugate reduced sub-root systems of 
E 6 . It happens that 25$ = 2uj 2 for $ = A 2 ,4Ai, and 25'$ = 2o; 4 for $ = 3A 2l A 3 + 2Ai. 

Since D4 C Eg, from the conclusion in D4 case and the second observation, we get 

( 21 ) F A 2 ,WE a + F 4A 1 ,We 6 ~ 2F 3A 1 ,W Ef , = 0. 
Moreover, we have 

(22) F 3A 2 ,W Ef . + Fa 3 +2A 1 ,W E6 + F A 3 +A u W E(j ~ ^Az+A^W^ = °- 

The proof of this equality is given below. These two relations generate all linear relations 
among {-F#,vk b J$ C E 6 }. 

Let 9 be a linear map on weights defined by 9{u\) = wg, 9(ujq) = uj\, 6{oj^) = 0J5, 
9(u>5) = w 3 ; 9{oj2) = uj 2 , #(^4) = 0J4. Then 9 acts as an isometry and it maps dominant 
integral weights to dominant integral weights. We have Aut(Eg) = We 6 x {9} as groups 
acting on the weights. 

Lemma 9.18. For a positive integer k < 11, if k 7^ 4,5,7,8,9,10, then there exists a 
unique Aut(Eg)-or&ii of weights A in the root lattice such that |A| 2 = k. 

When k = 4,5,7,8,9, there exist two Aut(Eg) -orbits of weights in the root lattice with 
|A| 2 = k. The representatives are 

k = 4 : {oji + C03, 2u 2 }; 
k = 5 : {0J3 + ui5,uii + u>2 + <^6}; 
k = 7 : {2ui + oj 5 , uj 2 + w 4 }; 
k = 8 : {2wi + 2oj G ,u>i + w 2 + w 3 }; 

A; = 9 : {3uj2,<^>i + <^4 + wg}. 

When k = 10, i/iere exist four Aut (Eg )-orbits of weights in the root lattice with |A| 2 = 
10. TTie representatives are 

uj\ + 2u 5 , 3wi + w 2 , w 2 + w 3 + w 5 ,a;i + 2oj 2 + wg. 
Proof. The inverse to the Cartan matrix of Eg is 





f 4 


3 


5 


6 


4 


2 \ 




3 


6 


6 


9 


6 


3 


1 

- X 

3 


5 


6 


10 


12 


8 


4 


6 


9 


12 


18 


12 


6 




4 


6 


8 


12 


10 


5 




X 2 


3 


4 


6 


5 


4 / 
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Given a dominant integral weight A = Xa<»<6 a « w «> a i ^ ^>o> we have 
|A| 2 = \{2a\ + 2al + bal + bal) + 

■^(2aia 6 + 8a 3 a 5 + 5aia 3 + 5a 5 o 6 + 4oia 5 + 4a 3 a 6 ) + 

(a| + 3a 2 + 3a 2 a 4 ) + (2a 3 + 2a 5 + ai + a 6 )(a 2 + 2a 4 ). 

We also have: A is in the root lattice if and only if 3|ai + 05 — a 3 — a&. 

If |A| 2 < 11, let Ai = a\bJi + a 3 w 3 + a^ui^ + clqUq and A 2 = a 2 u; 2 + 04014. Then, |Ai| 2 < 11 
and |A 2 | 2 < 11. 

Consider the weight Ai. Let k = a\ + 05 and I = a 3 + a^, A is in the root lattice implies 
that 3\k - I. From |Ai| 2 < 11, we get k, I < 3. When |/c — /| = 3, we have 

Ai=3wi(6), 3w 6 (6), 2^i+w 5 (7), 

w 3 + 2w 6 (7), wi + 2w 5 (10), 2w 3 +o; 6 (10). 

Here, the numbers in the brackets mean the squares of modulus of the weights. Similar 
notation will be used in the remaining part of this proof and the proof for Lemma 19.191 
When I A; — l\ = 0, we have k = I < 2. Moreover, we have 

Ai = 2cji + u> 3 + w 6 (H), wi + w 5 + 2w 6 (H), 2cji + 2w 6 (8), 

u 3 + uj 5 (5), u\ + w 3 (4),w 5 +w 6 (4), wi+w 6 (2). 

Consider the weig ht A 2 . From |A 2 | 2 < 11, we get 

A 2 = u 4 + w 2 (7), w 4 (3), 3w 2 (9), 2w 2 (4), o; 2 (l). 

In the case that Ai 7^ and A 2 7^ 0, we have 

A = ui + 2w 2 + £J 6 (10), 3wi + w 2 (10),w 2 + 3w 6 (10), 

w 2 + w 3 + ^5(10), Wi + + w 6 (9), wi + UJ2 + ^3(8), 

^2 + ^5+ ^6(8), UJ1+UJ2+ W6(5). 

We finish the proof of the lemma. □ 

Proof of equality (fjjffj). Since any weight appearing in -F*,w E is an integral linear combi- 
nation of roots, so any term x*\ appearing in i*$,w E6 having A in the root lattice. A case 
by case calculation enables us to show that any reduced sub-root system $ C Eg is stable 
under the action of some 7 G Aut(Eg) — We 6 , so 0-F$,w B6 = ^*,W B6 ( CI "- Proposition 19. 8p . 
Thus the coefficient of any term \*\ in ^*,We 6 is equal to the coefficient of the term \*o\ m 
F$,We 6 - By Lemma T9.181 to prove equality ([22]) it is enough to prove the corresponding 
equality about /$,e 6 anci to calculate the coefficients of terms x*\ with |A| 2 = 4, 5, 7, 8, 9, 10. 
For the functions /$,e 6! we have 

/3A 2 ,E 6 + /a 3 +2 j 4i,E 6 + /a 3 +Ai,E 6 _ ^hA 2 +Ai,E 6 
= (1 - t) 6 (l - t 2 ) 3 + (1 - t) 5 (l - t 2 ) 2 (l - t 3 ) 

+ (1 - t) 4 (l - t 2 ) 2 (l - t 3 ) - 3(1 - t) 5 (l - t 2 ) 2 
= (1 - t)\l - t 2 ) 2 ((l -2t + 2t 3 - t 4 ) + (1 - t - t 3 + t 4 ) + (1 - t 3 )) 

-3(1 -tf(l -t 2 ) 2 
= (1 - t)\l - t 2 ) 2 (3 - 3t) - 3(1 - t) 5 (l - t 2 ) 2 
= 0. 

The terms x*\ with | A| 2 = 4, 5, 7, 8, 9, 10 in 

F 3A 3 ,W Ee +Fa 3 +2A 1 ,We 6 + F A 3 +A 1 ,We 6 ~ 3 F 2A2+A u W Ee 
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are 



(~^Xui 1 +uj 3 ~ 2Xu) 5 +u 6 ~ ^X2ui 2 ) + ( — ^Xui-t+ui-i ~ ®Xu) 5 +u) 6 ~~ 2X2u) 2 ) = 0' 




( 12X2oj 1 +w 5 ^Xu 3 +2u/e ^Xu> 2 +w A ) + (2X2wi+oj 5 + 2Xw 3 +2oj 6 + ^Xuj 2 +u} 4 ) + 




and 




respectively. 

Therefore the equality (|22[) follows. 



□ 



Type E7. As in the proof of Theorem 18.141 we have observed that those weights that 
appearing more than once in {28$ | C E7} and the reduced sub-root systems for which 
they appeared in are as follows, 

(1) 2ux- A2, 4:A'i, appears two times. 

(2) oji + loq: A2 + A\, 5A\, appears two times. 

(3) A2 + 2Ai, 6 Ax, appears two times. 

(4) 2il>2: A2 + 3Ai, 7 Ax, appears two times. 

(5) 2U3: 3A2, A3 + 2Ai, appears two times. 

(6) 2u>i + 2loq: A4, 2 A3, appears two times. 

(7) oj\ + L04 + ujq: A4 + Ai, 2A3 + Ax, appears two times. 

By the conclusion from the Eg case and the second and the third observations in the 
beginning of this subsection, we get 

(23) F A 2 ,W E7 + ^(4Ai)',We 7 ~ 2F 3Alt W E7 = 0, 

(24) -Fa 2 +Ai,w E7 + F 5AuWej - 2F 4Al ,Wv 7 = °> 

(25) Fa 2 +2A 1 ,We 7 + Fqa 1 ,We 7 - 2F 5 A lt W E7 = °' 

( 26 ) Fa 2 +3Ai ,Wb 7 + F 7A!,We 7 - 2FqA!,We 7 = °i 

(27) F 3 A 2 ,W Er + F A 3 +2A u We 7 + F A 3 +A 1 ,We 7 - 3 F 2A 2 +A 1 ,We 7 = °- 

We prove that these relations generate all linear relations among {F^^We I ^ c ^7}. By 
the first observation, to show this, we just need to show: any non-trivial linear combination 



is not a linear combination of the characters {F^^ Er : \8'§\ 2 < |^ 4 | 2 = 20} and any 
non-trivial linear combination 



CxFa 4 ,We 7 + C2F 2 A 3 ,W l 



CxF Ai+ A 1 ,W E7 + C2F 2 A 3 +A l ,W 1 



is not a linear combination of the characters {i*$,w B \\5q 



<\S' 



2 _ 



21}. 



A4+A1 
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Suppose 

ciF Ai ,w Er + C2 F 2 a 3 ,We 7 = XT Ci-^i/ttV 

l<i<s,\25' I < 19 

Then 

Ci/a 4 ,E 7 + C2/2A 3 ,E 7 = c ihi,E 7 

l<i<s,|2<5' |<19 

by the fourth observation. Since there is no $CE ? with 1 25^ | 2 = 19, the RHS of the 
above equation has a degree at most 18. Comparing the coefficients of the terms t 20 and 
i 19 , we get ci + C2 = and — 4ci — 6C2 = 0. Hence c\ = C2 = 0. 
After calculating the highest (=longest) terms, we get 

Fa, +Ai,We 7 — -Xui! 

+2xt 1+ w 2 +u 3 +w 7 + lower terms > 

+^2+^3+^7 l° wer terms. 
Considering the coefficients of the terms xZ-l+ua+us and xt^+^+us+ur' we see an Y non- 
trivial linear combination c\Fa a +a 1 ,We 7 + c 2 F 2 a 3 +a 1 ,We 7 is not a linear combination of 
the characters {-F$,w E7 : l<4l 2 < I^ 4 +aJ 2 = 21 i- 

Type Eg. As in the proof of Theorem 18. 141 we have observed that those weights that 
appearing more than once in {25$ | $ C Eg} and the sub-root systems for which they 
appeared in are as follows, 

(1) 2wg: A 2 , 4A' l5 appears two times. 

(2) uj\ + wg: A2 + Ai, 5Ai, appears two times. 

(3) ujq: A2 + 2Ai, 6A1, appears two times. 

(4) W3: A2 + 3Ai, 7A±, appears two times. 

(5) 2u>±: 2A 2 , A 2 + 4Ai, 8A%, appears three times. 

(6) 2u) 7 : A3 + 2Ai, 3A2, appears two times. 

(7) UJ2 + W7: A3 + 3Ai, 3A2 + Ai, appears two times. 

(8) 0J\ + uq: A3 + 4Ai, A3 + A 2 , appears two times. 

(9) 2u)2- A3 + A2 + 2Ai, 4A2, appears two times. 

(10) 2ui + 2u$: A4, 2A3, appears two times. 

(11) oj\ + W6 + A4 + Ai, 2A3 + Ai, appears two times. 

(12) W4 + wg: A4 + 2Ai, 2A3 + 2Ai, appears two times. 

(13) 2a>2 + 2wg: D4 + A2, -D4 + 4Ai, appears two times. 

(14) 2^5: A5 + A2 + Ai, 2A4, appears two times. 

(15) 2u)\ + 2dq: Ag, 2D4, appears two times. 

By the conclusion from the E7 case and the second and the third observations, we get 



(28) 


Fa 2 ,We 8 + F(4 Al y,w Es ~ 


- 2F 3Ai ,We 8 = 


= 0, 


(29) 


Fa 2 +A!,W Es +F5Ai,We s 


- 2F4Ai,We s 


= 0, 


(30) 


Fa 2 +2A 1 ,We 8 + FgA!,We 8 


- 2F 5Ai ,We 8 


= 


(31) 


Fa 2 +3A u We s + F 7 A!,We 8 


- 2F 6 A 1 ,W Ea 


= 


(32) 


Fa 2 +4A 1 ,We s + F SA u We 8 


- 2F 7Ai ,We 8 


= 



(33) 



F2A 2 ,We 8 + Fa 2 +4A u W Es - 2 Fa 2+ 3A 1 ,We 8 = °> 
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(34) F 3A 2 ,We s + F A s +2A u We 8 + Fa 3 +Ai,We 8 ~ ^F 2 a 2 +A 1 ,We s = 0, 

(35) F 3A2+Al ,W Ea + FA a +3A u WE 8 + F A 3 +2A 1 ,We 8 ~ 3-F 2 A 2 +2Ai,We 8 = °i 

(36) ^4A 2 ,W Eg + -Pa 3 +A 2 +2Ai,We 8 + F A 3 +A2+A 1 ,W Ea ~ ^ F 3A 2 +Ai,We b = °, 

(37) Fd 4+ A 2 ,We 8 + -P 1 D 4 +4Ai,iy Eg - 2i 7 D 4+3 A 1 ,W/ E8 = 0. 

In the below we prove that these relations generate all linear relations among {F$ t w E | <3> C 
Eg}- 

Since \I/ = Es has no sub-root systems $ with e($) = 19, one can show similarly as in 
the E7 case that any non-trivial linear combination c\Fa 4) We 8 + c 2-^2A 3 ,VK Bg is not a linear 
combination of the characters {F^ t \Y Eg : l<5$| 2 < I^a 4 +aJ 2 = ^0}- 

By calculating the highest (=longest) terms, we get 

F A 4 +A 1 ,We 8 = ~Xu)i+u} 6 +uj$ + 2X W1 + W5 + X2u)-l+2uj$ 
+ 2 X*u 2+u j 7 +u i + lower terms > 

-^2A 3 +Ai,We 8 = ~X ull +u) 6 +u} 8 + ^Xun+uir, + X2un+2u)s 

+ 4 X^ 2 + W7+W8 + lower terms, 

Considering the coefficients of the terms Xw!+u; 6 +^ 8 an d xi 2 + W7 +aj 8 > we see that any non- 
trivial linear combination c\Fa 4 +a 1 ,We 8 + c 2-F2A 3 +Ai,We 8 is not a linear combination of 
the characters {i 7 *,^ : I#e>| 2 < ^a 4 +aJ 2 = 21 l- 
We have 

Fa, + 2Al,VK Eg Xu)A+U>% ^XuiX+UJQ+UlS ^Xul2+U13 

+lower terms, 

+2Ai,We 8 Xuj 4 -\-uig ^Xuii +ug +UJS ^XlU2+u)3 

+lower terms. 

Considering the coefficients of the terms xL 4 +uj 8 an d xZ 2 +uj 3 ' we see that an y non-trivial 
linear combination c\Fa 4 +2A 1 ,We 8 + c 2^2A 3 +2Ai,VK Eg is not a linear combination of the 
characters {Fq, : w Eg : |5$| 2 < I^+aJ 2 = 21 i- 

For the weight 2^5 and sub-root systems A§ + A 2 + A±, 2A±, suppose some non-trivial 
linear combination c\Fa s +a 2 +a 1 ,We 8 + c 2-^2A 4 ,iy Eg is a linear combination of the char- 
acters {F$ iWEg : \5'$\ 2 < |2w 5 | 2 = 40}. The sub-root systems with 33 < |2^| 2 < 39 
include {A§ + A2, D4 + ^3, A§ + 2Ai,A§ + A\, {A§ + A\) ' , ^5}, so there exists constants 
c 3 > c 4 j c 5 > c 6 j c 7 j c 8 such that 

Ci/a 5 +A 2 +Ai,E 8 + C2/2A 4 ,E 8 + C3/a 5 +A 2 ,E 8 + C4./d 4 +A 3 ,E 8 + 
C5/a 5 +2Ai,E 8 + C6/a 5 +Ai,E 8 + C7/(A 6 +Ai)',E 8 + Cs/a 5 ,E 8 

is a polynomial of degree < 32. 

By formulas in Subsection 19. 3( we have 

f A5+ A 2 +A 1 {t) = -t 40 + 8i 39 - 23t 38 + 19t 37 + 38i 36 - 90t 35 + 39t 34 + lower terms, 
f 2A4 (t) = t 40 - 8t 39 + 22i 38 - 12£ 37 - 53t 36 + 88t 35 + 2t 3A + lower terms, 
f Di +A 3 {t) = t 3S - 7t 37 + 16t 36 - 4t 35 - 33t 34 + lower terms, 
/A 5 +A 1 (t) = f^+A.yit) = t 36 - 6i 35 + lit 34 + lower terms. 

Moreover, 

/a 5 +a 2 (t) = t 39 + lower terms, 
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fA 5 +2A 1 (t) = —t + lower terms, 
Ia 5 (t) = —t 35 + lower terms. 
Considering the coefficients of the terms i 40 and i 39 , we get 

— ci + c 2 = 0, 8ci - 8c 2 + c 3 = 0. 
Thus C2 = ci and C3 = 0. Considering the coefficients of the terms i 38 , i 37 , we get 

-23ci + 22c 2 + c 4 = 0, 19ci - 12c 2 - 7c 4 - c 5 = 0. 
Thus C4 = ci and C5 = 0. Considering the coefficients of i 36 , t 35 , we get 

38ci — 53c 2 + I6C4 + (cq + C7) = 

and 

-90ci + 88c 2 - 4c 4 - 6(c 6 + c 7 ) - c 8 = 0. 
Hence cq + C7 = — c\ and cs = 0. Finally, considering the coefficient of t 34 , we get 
= 39ci + 2c 2 - 33c 3 + ll(c 6 + c 7 ) = -3ci. 

Therefore ci = c 2 = 0. 

For the weight 2cji + 2^6 and sub-root systems Aq , 2D4 , since \& = Es has no sub-root 
systems <E> with e(<I>) = 55, we can show any non-trivial linear combination 

is not a linear combination of the characters {-F$,vk E8 : l^$| 2 < l 2w i + 2w6| 2 = 56}. 
This proves the conclusion in the Es case. 

Type F4. As in the proof of Theorem 18.141 we have observed that those weights 
appearing more than once in {25'$\ $ C F4} and the sub-root systems for which they 
appeared in are as follows: 

(1) ojf. A[, 2Af , appears 2 times. 

(2) oj 3 : A\ + Af , 3Af , appears 2 times. 

(3) 2o; 4 : Af , 2A[, Af + 2Af, 4Af , appears 4 times. 

(4) w 2 : 3Af , 2Af + 2Af , Af + Af , appears 3 times. 

(5) 2ur. A%, 4Af , appears 2 times. 

(6) oj\ + 2^4: Af , B 2 , appears 2 times. 

(7) 2uj 3 : A\ + Af , Af + B 2 , 2Af + B 2 , Af + Af , appears 4 times. 

(8) 2wi + 2W4: A3 , 2i? 2 , appears 2 times. 

(9) 2^3 + 2W4: Df , C3, appears 2 times. 

Since C4 C F4, B4 C F4, using the following equalities 

ci + d 2 = 2a 2 , cia 2 + d 2 a 2 = a 2 , cid 2 + d 2 = 2a 2 d 2 , 

c? + cid 2 = 2a 2 ci, a 3 = ci<i 2 , c\ + c\d 2 = 2a 2 c\, 
cia 3 = cfd 2 , C13 + d?, = 2a 2 d 2 , c\c 2 + d 2 c 2 = 2a 2 c 2 , 
and by the second and the third observations, we get 



( 38 ) F A{ ,W F4 + ^2Af ,Wf 8 _ 2i? Af ,W Y4 = °> 

( 39 ) F Af +Af ,Wf 4 + F 3Af ,iy P4 - 2F 2Af ,WV 4 = °> 

( 40 ) F A^+2Af,W F4 + F AAf,Wp 4 ~ 2F 3Af,Wp 4 = °> 

( 41 ) F 2Af ,Wp 4 + F Af+2Af ,Wf 4 ~ 2F Af +Af ,iy F4 = °> 

( 42 ) F Af ,Wf 4 ~ F Af +2Af ,W F4 = °> 
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(43) 
(44) 
(45) 



F 3Af,W F4 + F 2A{ +2Af ,Wp 4 ~~ 2F 2Aj;+Af,W F4 ~ °> 



F A^+Al,W F4 



F 2A^+2Af,W F4 



0. 



F A%,W Fa + F 4A^,W F4 ~ 2F 3A^,W F4 — °> 



( 46 ) F Af +B 2 ,W F4 + F 2Af+B 2 ,Wp 4 ~ 2F Af+B 2 ,W F4 

Moreover, we will prove three more equalities 

( 47 ) F A§ ,W F4 ~ -^2,^ + ^Af+Af ,14 , 

(48) F 
(49) 



0. 



"F 4 



2 -^2Af +2Af ,Wp 4 — °> 



A^+Af ,Wf 4 + F Af +B 2 ,iy F4 - F Af +B 2 ,Wf 4 + 2i? -B2,H/p 4 - ^ F A^+Af 



Wf 4 



F A\ +Af ,W F4 ~ F Af+B 2 ,W F4 + 2i? Af +S 2 ,Wp 4 ~ 2F A§ ,\\ 



F 4 



0. 



We will show these relations generate all linear relations among {F$^\y F | <£> C Fs}. 

Lemma 9.19. Given an integer k with 1 < k < 12 and k ^ 9, there exists a unique 
dominant integral weight A for the root system ^ = F4 such that |A| 2 = k. 

Given k = 9, there exist two dominant integral weights A for the root system = F4 
such that |A| 2 = k. They are 3u>4 and uj\ + UJ3. 



Proof. The inverse to the Cartan matrix of F4 is 



/ 2 3 4 2 \ 

3 6 8 4 

2 4 6 3 

\ 1 2 3 2 / 



so for a dominant 



integral weight A = Y^i<i<4 a « w j ( a i e ^>o) ; we have 

|A| 2 = 2a\ + §a\ + 3a 2 + a\ + (60102 + 4aia3 + 20104 + 80203 + 40204 + 30304). 
Suppose |A| 2 < 12. First we must have 02 = 0, 1. If 02 = 1, we have 

A = uj 2 (6), 0J2 + W4 (11). 
We also have 03 < 2. When 03 > 1, we have 

A = 2uj 3 (12), w 3 +0J1 (9),w 3 +o; 4 (7),w 3 (3). 
When 02 = 03 = 0, we have 

A = 2o;i (8),o;i + 2a;4 (10),wi + W4 (5),£Ji (2),3w 4 (9),2w 4 (4),w 4 (1). 
This proves the lemma. □ 

Proof of the three equalities. First any term x*\ appearing in these three equalities has 
|A| 2 < 12. By Lemma 19.191 to prove these equalities, we just need to prove the corre- 
sponding equalities about generating functions /<j>,f 4 and to calculate the coefficients of 
the terms x*\ with |A| 2 = 9. 

For the functions /<j> 5 f 4 ; we have 

/a|,F 4 - /b 2 ,F 4 + 2 /A^+Af ,F 4 - 2 /2Af+2Af ,F 4 
= (1 - i) 3 (l - t 2 ) 2 (l - t 3 ) - (1 - t)(l - t 2 )(l - t 3 )(l - i 4 ) 

+2(1 - t)(l - t 2 ) 2 {l - i 4 ) - 2(1 - t) 2 {l - t 2 ) 2 
= (1 - - t 2 ){l ~ t 3 ){-2t + 2t 3 ) + 2(1 - t)(l - t 2 ) 2 {t - i 4 ) 
= 0, 
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/Af+Af,F 4 + F A^+B 2 ,F 4 ~ F Af+B 2 ,F 4 + 2F B 2 ,F 4 ~ ,F 4 
= (1 - t) 2 (l - t 2 ) 3 (l - t 4 ) + (1 - t)(l - t 2 ) 2 (l - t 3 )(l - t 4 ) 

-(1 - t) 2 (l - t 2 )(l - t 3 )(l - t 4 ) + 2(1 - i)(l - t 2 )(l - t 3 )(l - t 4 ) 

-3(l-t)(l-i 2 ) 2 (l-t 4 ) 
= (1 - - i 2 ) 2 (l - t 4 ){2 -t-t 2 ) + {\- t 2 ) 2 {\ - t 3 ){l - t 4 ) 

-3{l-t){l-t 2 ) 2 (l-t 4 ) 
= (1 - t 2 ) 2 (l - t 4 )(3 - 3i) - 3(1 - t)(l - t 2 ) 2 (l - t 4 ) 

= o, 

/Af +Af ,F 4 ~~ /Af +B 2 ,F 4 +B 2 ,F 4 2 /a|,F 4 

= (1 - t) 3 (l - t 2 ) 3 (l - t 3 ) - (1 - t)(l - t 2 ) 2 {l - t 3 )(l - t 4 ) 

+2(1 - t) 2 (l - t 2 )(l - t 3 )(l - t 4 ) - 2(1 - i) 3 (l - t 2 ) 2 {\ - i 3 ) 
= (1 -t)(l -t 2 ) 2 (l - t 3 )(-2t + 2t 3 ) 

+2(1 - t) 2 (l - t 2 ){l - t 3 ){t + t 2 -t 3 - t 4 ) 
= 0. 

The terms x*\ with |A| 2 = 9 in 

F A§,W F4 ~ F B 2 ,Wf 4 + 2F A%+Af,W F4 ~ 2i? 2Af+2Af,W F4 ' 
F A%+A§,W F4 + F Af+B 2 ,W F4 ~ F Af+B 2 ,W F4 + 2F B 2 ,W Fi ~ ^ F A^+Af ,W F ^ 
F A{ +Af ,Wp 4 ~ F Af+B 2 ,W F4 + 2i? Af +B2,Wp 4 ~ 2i? Af ,Wp 4 

are 

(~ 2 Xun+ui 3 ~ X3ui 4 ) ~ (~ X3ui 4 ) + 2 Xun+ui 3 = 0j 
(4X Wl +a)3 + 2 ^L; 4 ) + ( — X*3ui 4 ) ~ (XcJi+UJ3 ~~ X%ui 4 ) + 2 ( — X3cj 4 ) ~~ ^Xln+ui 3 = 0, 
( ^Xwi+W3 X3u; 4 ) ( X3w 4 ) ~l~ 2 (Xcji+oJ3 X3w 4 ) 2 ( 2 Xoji+W3 X3u; 4 ) ^ 

respectively. 

Therefore we get the three equalities. □ 

For the weights 2oji + 2^4 and 2^3 + 2^4, since \& = F4 has no sub-root systems <J> 
with e($) = 19 or e(3>) = 27, we can show any non-trivial linear combination c\F a l Wp + 

C2 F 2B2,W F4: 1S n °t a linear combination of the characters {i*$,w F4 1 l<5$| 2 < I^a 4 +Ai | 2 = 2 0) 
and any non-trivial linear combination c\F D s Wp + C2Fq 3 ,w F4 is not a linear combination 

of the characters {i*$,w P : |<5$| 2 < I^a 4 +aJ 2 = 2 ^}- Thus the relations as listed above 
generate all linear relations among {i 7 $,v^p 4 | C F4}. 

Type G2. For ^ = G2, the only non-conjugate reduced sub-root systems with conju- 
gate leading terms are Af and A\ + Af. We have 

( 50 ) F Al ,W G2 + F A{ +Af ,Wg 2 + F ^f ,H/ G2 - 3F A?,Wg 2 = 0> 

This is the unique linear relation between the characters {F$,Wg 3 I ^ ^ G2}- 

Remark 9.20. Given an irreducible root system z/ \&o ^ BC n , i/ien the characters 
{•f*,W* : ^ C ^o^ank^ = ^0} o re linearly independent. If = BC n , /or too su6- 
rooi systems $1,^2 of ^ with rank<I>i = rank $2 = n, F®i,W n = F $> 2 ,w n if an d only if 
~w+ ^2- These follow from the results we showed above. Note that, these were also 
proved by Larsen-Pink. Actually this is the essential part to the proof of Theorem 1 in [LPJ . 
On the other hand, Larsen-Pink have proved the existence of algebraic relations among 
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the polynomials {b n , c n , d n +i|n > 1}. And they used this to construct non-conjugate closed 
subgroups with equal dimension data. 

Proposition 9.21. Given a compact connectee Lie group G of type Fjq, E7, Es or F4, 
there exist non-isomorphic closed connected full rank subgroups with linearly dependent 
dimension data. 

Proof. In the case that G is of type Eq, E7, Eg, G possesses a Levi subgroup of type 
D4. Hence the conclusion follows from Proposition 19.111 In the case that G is of type 
F4, G possesses a subgroup isomorphic to Spin(8). Therefore the conclusion follows from 
Proposition 19.111 □ 



10. Comparison of Question 11.21 and Question 15.21 

In this section we give constructions which show that Question 15.21 (or 15.1)) is not 
an excessive generalization of Question 11.21 (or II. ip . as we promised after introducing 
Questions 15.11 and 15.21 The significance of these constructions is that each equality (or 
linear relation) we found in Question 15.11 (or 15. 2p indeed corresponds to an equality (or 
a linear relation) of dimension data of closed connected subgroups in a suitable group. 
Another consequence of these constructions is showing that the group r° could be quite 
arbitrary. 

Precisely, what we do is as follows. Given a root system V?' and a finite group W acting 
faithfully on \E ,/ and containing W^i, we construct some pair (G, T) with G a compact Lie 
group and T a closed connected torus in G such that: 

(1) ranker = dimT = rank^'. 

(2) C and is stable under r°. 

(3) r° = W as groups acting on \E' / . 

(4) For each reduced sub-root system $ of there exists a connected closed subgroup 
H of G with T a maximal torus of H and with root system &(H, T) = <£. 

Sub-root systems of any given irreducible root system \&o are classified in |Os] , in Section 
[6] we have discussed this classification in the case that ^0 is a classical irreducible root 
system or an exceptional irreducible root system of type F4 or G2. 

Proposition 10.1. Given an irreducible root system ^>q, there exists a compact connected 
simple Lie group G and a closed connected torus T in G such that: 

(1) ranker = dimT = rank^o- 

(2) ^0 C o>nd is stable under T° . 

(3) T° = W^ as groups acting on ^o- 

(4) For each reduced sub-root system of*$>o, there exists a connected closed subgroup 
H of G with T a maximal torus of H and with root system <&(H,T) = 

Proof. Simply laced case. In the case that ^0 is a simply laced irreducible root system, let 
Uo be a compact simple Lie algebra with root system isomorphic to ^o- Taking G = Int(uo) 
and T a maximal torus of G, the conclusion in the proposition is satisfied for (G,T). 
Type C n . In the case that ^ = C n , let G = SU(2n), 

T = {diag^i,...,^,^ 1 ,...,^ 1 }! \zi\ = \z 2 \ = ■■■ = \z n \ = 1} 

and 6 = Ad ( ® T ™ V Then 6 is an involutive automorphism of G and LieT is a 

maximal abelian subspace of po = {X £ LieG| 6(X) = — X}. In this example, the 
restricted root system &(G,T) = C n (cf. [Kn| . Page 424), each long root occurs with 
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multiplicity one, each short root occurs with multiplicity two and Cg{T) is the subgroup 
of diagonal matrices in G. We have 

T° = N G {T)/C G (T) = {-1}" x S n = W Gn . 



Denote by 



( 



V2 ±k 72 Uk 
In-k 



i 



n— k 



A B 
C D 



J G Sp(k),K GT n _ fe }, 



D' k = { 



C d) eS0(2A:),KGr n _ fc } 



which is an 2n x 2n matrix. Define the subgroups 

A k . x = {diag{A,A,A,A}| Ae U(k),K eT n _ k }, 

/ A B \ 

_ ; if 

C D 

\ K J 

( A S \ 
if 
C D _0_ 
\ OK/ 

and 

-Cfc = JkD' k J^ . 

Thus T is a maximal torus of Cfc and A k -\i and the root systems 

$(D k ,T) =B k , 
<S>(C k ,T) = C k 

and 

$(A fe _i,T) = A fc _i. 
By |Osj . we know that any sub-root system $ C C n is of the form 

A ri _! + • • • + A r ^i + C S1 + • • • + C Sj + D tl + • • • + B tk , 

where ri, .., r$, si, Sj,ti, ...,t k > 1 and 

ri H h rj + sH h Sj + iiH \-t k = n. 

Here we regard Ao = 0. Using subgroups of block-form, we see that each sub-root system 
<I> of is °f the form $(H, T) for some closed connected subgroup H of G with T a 
maximal torus of H. 

Type BC n . In the case that # = BC n , let G = SU(2n + t),t>n, 



T = {diag{i 4 ,zi,..., 



Zn i z \ i • • • i ~n 

It o \ 

and = Ad | J n I . Then 9 is an involutive automorphism of G and LieT is a 

in / 

maximal abelian subspace of po = {X £ LieG| 0(A) = —X}. Moreover, the restricted 
root system 

$(G,T) = BC n = {±ei ± ej|l < i < j < n} U {±e;,±2ei|l < ? < n} 

(cf. [Kn| . Page 424), each root 2e^ occurs with multiplicity one, each root ±e$ ± ej occurs 
with multiplicity two and each root occurs with multiplicity 2t. We have 

T° = N G (T)/C G {T) = W BCn = Aut(BC n ) = V. 



, z n : | Z\\ 



z 2 



1} 
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Denote by 



Jk 



( ^ 



\ 








0^4 








In—k 








T2 iIk 



















In—k 



which is a 2n + t square matrix. Define the subgroups 

\ 




_0_ 
K J 



B' k = { 



Ck 







fit 














A 










-l — 


{ 




n 


K 











n 

u 











\ 


n 
u 








(h-i 








\ 






A 





13 












K 












C 





£> 







\ 













K ) 






(It 










\ 






A 


I? 







= { 




K 














C 


L> 









\ 








iv 


/ 




< It 








\ 






A 


B 







{ 







K 














C 


L> 









\ 











K 


/ 










B k 





AG\J(k),K €T n ^ k } : 



A 

C 



B 
D 



£SO(2k + l),K GT n _ fc } : 



.4 
C 



A 

C 



B 
D 



B 
D 



£SO(2k),K £T n ^ k }, 



J kB' k J k 1 



and 



Thus T is a maximal torus of 



D k = 
C k , A k 
HD k ,T) 

$(Ak-i,T) 



JkDU 



-i 



k^k^k 

i and B k , and the root systems 
D fc , 
Cfc, 



and 



$(B k ,T) =B k . 

Using subgroups of block form, we see that each reduced root system $ of is of the 
form &(H,T) for some connected closed subgroup H of G with T a maximal torus of H. 
Note that the condition t > n makes sure that the sub-root system n Bi corresponds to a 
subgroup. 

Type B n In the case that = B n , let (G,T) be the same as the above for BC n . Then 
this pair satisfies the desired conclusion. 

Type F4. In the case that ^0 = F4- Recall that the complex simple Lie algebra 67(C) 
has a real form with a restricted root system isomorphic to F4 (cf. {KnJ, Page 425). Let 
G = Aut(ey) be the automorphism group of a compact simple Lie algebra of type E7. 
Then we can choose an involution #0 in G and a closed connected torus T in G such that 
9\t = —1, LieT is a maximal abelian subspace of t^ 9 = {X G cy | Ad(0)(X) = —X} and 
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the restricted root system $>(G,T) = F 4 . Write # = $(G,T). Then ty = F 4 and we 
show that any sub-root system of is of the form <I> = &(H, T) for a closed connected 
subgroup H of G with T a maximal torus of H. To show this, we use some results 
from |HY| . Starting with the Klein four subgroup Tq of G (cf. [HYJ, Table 4), we have 
G Fa = (G r6 ) x T and (G r6 ) = F 4 . From [HY] . we know that some involutions in (G r6 )o 
are conjugate to 9q i n G. Without loss of generality we may assume that #o e (G r6 ) . 
Choosing any 1 ^ Q\ £ Tg, we have (cf. |HY| ) 

(G ei ) = (E 6 xU(l))/((c,e¥)), 
(G e °% ^ SU(8)/(tI) 

and 

fl e(G 9l )„n(G w )o. 
Here 1 / c £ Z(Eq) with o(c) = 3. By these, we get three closed connected subgroups 
Hi,H 2 ,H% of G containing T and #0j and such that 

Lie iTi = su(8), 

Lie H 2 = e 6 

and 

LieF 3 = f 4 . 

Moreover, LieT is a maximal abelian subspace of each of (Lie Hi)~ 9 ° , i = 1,2,3. By the 
classification of sub-root systems of F 4 (cf . Section [6]) , we can show that any sub-root 
system <3? of — F 4 is of the form §(H, T) for a connected closed subgroup H contained 
in one of Hi,H 2 ,Hs. 

Type G 2 . In the case that ^ = G 2 , let G = Spin(8). There exist (cf. [He], Page 517) 
two order three outer automorphisms 6,0' of G such that 

tl\ — Lr = Kji 2 , 

H 2 = G 6 ' ^ PSU(3) 

and H±, H 2 share a common maximal torus T. Thus <&(G, T) = G 2 , each long root occurs 
with multiplicity 1 and each short root occurs with multiplicity 3. By the classification 
of sub-root systems of F 4 (cf. Section [6]) , one can show that any sub-root system $ of 
is of the form &(H,T) for some connected closed subgroup H of Hi or H 2 . □ 

Remark 10.2. When is an irreducible root system not of type B n (n > 3), in the 
above construction we actually have ^' T = \I/o- 

Proposition 10.3. Given a root system \P' and a finite group W between W^> and 
Aut(^'), there exists a compact (not necessarily connected) Lie group G with a bi-invariant 
Riemannian metric m and a connected closed torus T in G such that: 

(1) ranker = dimT = rank^'. 

(2) VP' C and is stable under T° . 

(3) r° = W as groups acting on 

(4) For each reduced sub-root system $ of^f', there exists a connected closed subgroup 
H of G with T a maximal torus of H and with root system &(H,T) = 

Proof. Decomposing \P' into a disjoint union of (orthogonal) simple root systems and 
jointing those isomorphic simple factors, we may write Vl/' as the form 

* / = *i|j---U*« 

where each = m^ifi is a union of mi root systems all isomorphic to an irreducible 
root system 
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For each i, by Proposition 110.11 we get (Gi,T{) corresponds to the irreducible root 
system $j.o and the finite group satisfying all conditions in the Proposition. Let 

G' = G™ 1 x • • • x G™ s 

and 

T = T 1 mi x ••• xT™ s . 

Then (G' ,T) corresponds to the root system \&' and the finite group W^i with all condi- 
tions in the conclusion satisfied. 

Among {^ol 1 < i < s}, we may assume that Aut^^o) / W* i0 happens exactly 
when 1 < i < t. For each i < t, since Aut^^o) ^ Wq/ i0 , vE^o must be simply laced. In 
this case we have Gi = Int(uj) for a compact simple Lie algebra Uj with root system 
Let 

G" = (Aut( Ul ) mi x S mi ) x • • • x (Aut(u t ) mi x S mt ) x (G™\ +1 x S mt+1 ) x ■ ■ • x (G™* x S m ,) 
and 

T = T 1 mi x ••• xT s ms . 

Hence (G",T) corresponds to the root system \E f/ and the finite group Aut( l I // ) with all 
conditions in the conclusion satisfied. 

We have G"/G' = Ant(^')/W^ . Corresponding to the subgroup W/Wy> of Ant(^')/W^ , 
we get a subgroup G of G" containing G' and with G/G' = W/W^i in the identification 
G"/G' = Aut(^')/W*/. Therefore (G,T) corresponds to (*',W) with all conditions in 
the conclusion satisfied. □ 

As in the proof of Proposition 110.11 given an irreducible root system = BC n , let 
Gi = SU(2n + t) for t > n and 

7i = {diag^i,...,^,^ 1 ,...,^" 1 ,!,...,!}! \z\\ = \z 2 \ = ••• = \z n \ = 1}. 

t 

Denote by Si the group of diagonal matrices in G\ . It is a maximal torus of G\ . Let 

ej(diag-j>i, • • • , z 2n +t}) = %i 
for any diagjzi, • • • , Z2 n +t} S S\ and 

ei(diag{zi, ...,z n , z^ 1 , . . . ,z~ 1 , 1, 1}) = z t 

t 

for any diagjzi, . . . , z n , z^ 1 , . . . , z" 1 , 1, 1} E T. Thus 

t 

{&i if 1 <i <n 
e~} n if n + 1 < i < 2n 
1 if 2n + 1 < % < 2n + t. 

The following example is a modification of an example in [LPj . Page 392. 

Example 10.4. Given r > n, denote by G\ = SU(2n + t), T\ C G\ the subgroup of 
diagonal matrices, G 2 = (G*i) r and T 2 = (T\) r . Write 



Xj = ^2 (nj - i + l)e f 



Ki<n 



for 1 < j < r. Let Vj = V\ j be an irreducible representation of G\ with highest weight Xj 
and 

V = ^(l)®-"®^(r)- 
o-eA r 
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Denote by G = SU(fc), where 

r! t— r 
k = — II dimV}. 

i<i<r 

The representation V gives us an embedding G2 C G. Write T for the image 0/T2 under 
this embedding. Since G = SU(fc) is simple, a biinvariant Riemannian metric m on G is 
unique up to a scalar multiple. Hence vPy does not depend on the choice of m. In this 
example, we have: 

(1) ranker = dimT = rn. 

(2) = r BC„ C and it is stable under T° . 

(3) T° = W^i xi A r = (WbCuY * A r as groups acting on V?'. 

(4) For each reduced sub-root system of^', there exists a closed connected subgroup 
H of G with T a maximal torus of H and with root system <&(H,T) = <J>. 

Proof. First we have (Wbc Y * A r C T° and ^>t = BC rn by our construction of the pair 
(G,T). 

We have VP' = rBC n C vPy since rBC n is the root system of (G2,T). By Proposition 
110. H any reduced sub-root system <3? of r BC„ is of the form &(H, T) for a closed connected 
subgroup H of G2. 

The equality T° = (Wbc„Y * A r can be proven using the idea in [LP] . Page 392. It 
proceeds as follows. By the construction of G2 and V, the character 

XVi(gi---(giV r r |r 

has A = (nr, nr — 1, • • • , 1) as a leading term. It is regular with respect to Aut(T, m) = 
Wbc t „- The weights appearing in xv\t of maximal length are in the orbit ((M / Bc„) r * 
Ar)X. Hence T° = (W BCn Y * A r- D 

Remark 10.5. In Example \10.4\ moreover we have *$>' T = rBC„ = VP' since otherwise T° 
must be larger than (WBC n ) r ^ A*- 

Proposition 10.6. Given a root system VP' and a finite group W between W^i and 
Aut(VP'), there exists some G = SU(fc) and a closed connected torus T in G such that: 

(1) rank^T = dimT = rank^'. 

(2) VP' C and it is stable under T° . 

(3) r° = W as groups acting on VP'. 

(4) For each reduced sub-root system <P o/vP', there exists a closed connected subgroup 
H of G with T a maximal torus of H and with root system &(H,T) = <3>. 

Proof. As in the proof of Proposition 110.31 we write VP' as the form 

VP' = VPi|J---|JvP s , 

where each VP^ = TOjVP^o is a union of rrii root systems all isomorphic to an irreducible 
root system vP^o- 

For each i, by Proposition 110.11 we get (Gi,Ti) corresponds to the root system vP^o 
and the finite group satisfying all conditions in the Proposition. Moreover, if VP^o 
is simply laced, then Gi = Int(iij) for a compact simple Lie algebra Uj with root system 
isomorphic to vP^o- Let 

G' = G™ 1 x • • • x G n s ls 

and 

T' = Tf 1 x ••• x T s ms . 
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Among we assume that Aut(^ , , i o) / W* i0 happens exactly when 1 < i < t. We 
have 

Aut(V)/^ = (Out(* 1)0 ) mi x S mi ) x • • • x (Out(* t ,o) mt x S mt ) x S mt+1 x-xS m , 

Here Out(*j )0 ) = Aut(*i )0 )/Wvp i0 . The group Aut(#')/W*' acts on Rep(G') (here Gi = 
Int(uj) plays a role) through its action on the dominant integral weights. 

For any 1 < i < s, choose a maximal torus Si of G{ containing Tj. If i < t, we 
choose rrii dominant integral weights Ay, • • • , \i, mi of Si = Ti such that the set {7Ay I7 € 
Aut(^ / j j o), 1 < j < m^} has cardinality exactly mj| Aut^^o)!- If i > i + 1, the restriction 
map of weight lattices 

is surjective and it is an orthogonal projection. Choose rrii regular dominant integral 
weights Ay,--- , Xi^m of Si with an additional property: each Ay is orthogonal to the 
weights in kerpj and their images under pi are regular and distinct to each other. Thus 
the weights of maximal length in V\ itj \Ti are those in the orbit W^ i0 \ij, and each occurs 
with multiplicity one. Here V\ { . is an irreducible representation of Gi with highest weight 
Ay. Denote by 

V= a(V Xl <g> • • • ® V^). 



and G = SU(A;), where 



A; = dim V = -. r dim V,- . 



The representation V gives us an embedding G'cG = SU(fc). Write T for the image 
of T" under this embedding. Arguing similarly as in the proof of Example I1U.41 we get 
r° = W. By Proposition 1 1U . 1\ the other conditions in the conclusion are also satisfied. □ 

Remark 10.7. In the above construction, we know ^>' T D W by Property (4) of Proposi- 
tion \10.6\ and C r° by Proposition \3.9l From this *$>' T is almost determined, which 
should be close to being equal to On the other hand, ^>t is probably much larger than 
iff' . For example it may happen that \E'' = rBC„ and *&' T = BC nr . 

Can we make an example with ^f' T = Vl/' in Proposition \10. 6\ ? Moreover, can we make 
an example with = ? 



11. Irreducible subgroups 

Let G = U(n). In this section, we study dimension data of closed subgroups H of G 
acting irreducibly on C™. 

Choose a prime p, an integer m > 4 and a prime q > p m . Let n = p m , T C G be the 
subgroup of diagonal unitary matrices and 

A = {diag{ai,a 2 , . . . , a n }\ a\ = a\ = • • • = a? n = 1}. 

Lemma 11.1. Cg(A) = T and Nq(A) = TyiS n , where S n is the subgroup of permutation 
matrices in G. 

There exists a unique conjugacy class of subgroups N of S n isomorphic to (C p ) m and 
with non-identity elements all conjugate to (1, 2, . . . ,p)(p + l,p + 2, . . . , 2p) ■ ■ ■ (n — p + 
l,n — p + 2, . . . ,n). 

For any subgroup N of S n as above, Cs n (N) = N and 

N Sn (N)/N^GL(m,¥ p ). 
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Proof. The first statement is clear. For the second statement, one can prove the uniqueness 
by induction on m. Again, one can show Cs n (N) = N by induction on m. Finally, by the 
uniqueness of N , we get 



N Sn (N)/N Aut(iV) GL(m,W p ). 



Now we specify p = 2 and m = 4. Let H = Ns n (N). Then H/N 
a subgroup Hi of H with H\/N corresponding to 



□ 



GL(4,F 2 ). Choose 



( 



/ 1 




V 





1 






1 



1 / 



/ 1 1 \ 

111 

10 

\ 1 / 



and a subgroup H 2 of H with H 2 /N corresponding to 



( 



/ 1 






1 



1 / 



/ 1 1 1 \ 

10 

11 

\ 1 J 

N K (N). Then H/N 



H. Let 



Let K = A x S n and N C K with N/A = iV^Write H 
H 1 ,H 2 C H with H 1 /N = H 1 and H 2 /N = H 2 . 

Proposition 11.2. The two subgroups Hi and H 2 act irreducibly on C 16 ; have the the 
same dimension data and are non-isomorphic. 

Proof. Since iV acts irreducibly on C 16 and Hi,H 2 contain N, Hi and H 2 act irreducibly 
onC 16 . 

To show Hi and H 2 having the same dimension data in G, it is sufficient to show they 
have the same dimension data in H. Since iV is a normal subgroup of H, Hi and H 2 , 
it is sufficient to show Hi = H\/N and H 2 = H 2 /N have the same dimension data in 
H = H/N ^ GL(4, F 2 ). We have Hi = H 2 = C 2 x C 2 . On the other hand one can show 
that non-identity elements of H\ and H 2 are all conjugate to 



/ 1 






1 



1 / 



Hence, Hi and H 2 have the same dimension data in H = GL{A, ¥ 2 ). 

We show that the groups Hi and H 2 are non-isomorphic. Since A is a characteristic 
subgroup of Hi and H 2 , it is sufficient to show \Z(H\/A)\ 7^ \Z(H 2 / A)\. Obviously 
A <\ N <\ Hi , H 2 . Moroever we have 

N = N/A ^ (F 2 ) 4 

as an abelian group and Hi, H 2 act on N/A through the action of Hi, H 2 on (F 2 ) 4 . By 
Lemma 111. 1| N is a maximal abelian subgorup of S n . Therefore, 



Z{Hi/A) 



N Hl 



the latter means the fixed point subgroup of the Hi action on N. By the definition of H\ 
and H 2 , we get 
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and 



N Hl F 2 . 



Hence, H X ^H 2 . □ 

Choose n = 12 and a prime q > 3. Let T C G be the subgroup of diagonal unitary 
matrices and 

A = {diag{ai,a 2 , . . . ,a n }\ a\ = a\ = • • • = a q n = 1}. 

Write 

/ 1 ••• \ 
1 ••• 



••• 1 
\1 - J 



and K = A xi S^. 

Lemma 11.3. N K (N)/N ^ (Z/12Z) X ^ C7 2 x C 2 . 

Proof. By Lemma [UU C G (A) = T and iV G (A) = T x S n . Since iV/A C X2 is a maximal 
abelian subgroup of S\2, 

N K (N)/N N Sl2 (C 12 )/C 12 (Z/12Z) X . 

By elementary number theory, (Z/12Z) X = C 2 x C 2 . □ 

Let = N K (N) and 77 = H/N. Then 77 ^ C 2 x C7 2 . Write H 2 ,_H 3 , H 4 , H 5 
for the subgroups of containing and with H\ = H\/N, H 2 = H 2 /N, H3 = H3/N, 
H 4 = H 4 /N, H 5 = H b /N all the subgroups of 77, where |77i| = 1, |77 2 | = |77 3 | = |77 4 | = 2 
and |77 5 | = 4. 

Proposition 11.4. We have 

&Hi + 2$>H 5 ~ (@H 2 + @H 3 +$>H 4 )= 0. 

Proof. Since N is a normal subgroup of Hi, H 2 , H3, H4 and it is sufficient to show 
the dimension data of the subgroups Hi, H 2 , H3, H4, H$ of H have the corresponding 
linear relation. The latter follows from a consideration on irreducible representations of 
C 2 xC 2 . □ 

There exists an example as in Proposition 111.41 when n = 4. For n = 4, one has 
Ng{A)/Cq{A) = S4. Chooose a normal subgroup N of £4 isomorphic to C 2 x C 2 (it 
is unique) and the subgroups Hi, H 2 , H%, H 4 of £4 (in the order of increasing orders) 
containing N Let H%, H 2 , H3, H 4 be the corresponding subgroups of A xi S4. One can 
show that 

9 Hx + 2f% 4 - {29 Hi + ®h 3 ) = 0. 

Given a closed connected torus T in G, recall that we have a weight lattice At = 
P±om(T,U(l)) and a finite group T° = N G (T)/C G (T). Let $ be the root system of H, A 
be the root lattice of H and px be the character of the representation of T on C n . Write 
X = At ®i M. The following lemma is identical to Theorem 4 in [LP]. We state their 
theorem in a form we needed and sketch the proof. 

Lemma 11.5. Let T be a closed connected torus in G. If there are more than one 
conjugacy classes of closed connected subgroups H of G with T a maximal rotus and 
acting irreducibly on C n , then these representations (H,C n ) are tensor products of the 
following list: 
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(1) , n = 2 m , H = (Spin(2mi + 1) x • • • x Spin(2m s + 1)/Z) and C n = M mi ® • • • M ms , 

where 

m = mi + m 2 H h m s , 

Z = {(ei, . . . , e s )| €i = ±1, eie 2 ■ ■ ■ e s = 1} 
and M m is Spinor representation o/Spin(2m + l). In f/iis case, {±l} m x 5 m C T° . 

(2) , n = 2 fc2 + fe fW* jk ^k-W)! ' H = Sp ^ orS °( 2m )> C " = V -l. J ■ i.n o:- 

1 < k < m - 1 and is odd; or, 77 = Sp(m)/(-7) or SO(2m)/(-7), C n = 

^(fc,fc-i,...,i,o,— ,o)> ^ — ^ — m— 1 an< ^ k ( k + l "> i s even . in this case, {±l} m xS' m C r°. 

(3) , n = 27, H = G 2 or PSU(3) ; C n = V\, A = 2(d - e 3 ). TTie weight A = 2w 2 /or G 2 

and A = 2wi + 2w 2 for A 2 . In this case, Wq 2 C T°. 

(4) , n = 2 12 , 77 = F 4; Sp(4)/(-7) or SO(8)/(-7), C n = V x , A = 3ei + 2e 2 + e 3 . The 

weight A = + 0J4 for F4, A = uj\ + a; 2 + 6J3 /or C4 and A = wi + w 2 + 0J3 + 
/or D4, In this case, Wp 4 C r°. 

(5) , Any n > 1 and irreducible semisimple subgroup 77 o/U(n). 7n i/iis case, W$ C r°, 

where <!> is the root system of 77 . 

Proof. Since 77 acts irreducibly on C n , the center if 77 is equal to 77 n Z(\J(n)). Hence, 
it is either finite or 1-dimensional. Therefore, the action of on X is multiplicity free. 
As T° D W$, T° acts on X multiplicity freely. Let X = 1<i<m Xi be the decomposition 
of X into a sum of irredicible summands. Then we have <3? = Ui<i<m ^ n » an d 

1< i<m 

where pj is the character of a representation of the Lie algebra with root system $n Aj. 
Since the character ring Q[At] is a unque factorization domain and each pi has dominat 
terms with coefficient 1, the characters {pi} are determined by px- By considering each 
pi, we may assume that T° acts irreducibly and non-trivially on X, which forces 77 being 
semisimple. We suppose this since now on. 

Since 77 is assumed to be a closed connected subgroup of U(n), the root lattice A is 
generated by the differences of elements in px and the integral weight lattice is gener- 
ated by elements in pr- This indicates, both A and A7 1 are determined by T. Endowing 
G with a biinvariant Riemannian metric, this gives A a positive definite inner product. 
We show that <£° is determined by A. This can be proved by induction on the rank I of A 
(which is equal to the rank of <I )0 ). If I = 1, then <£° = Ai and it consists of the non-zero 
elements of A of shortest length. Hence, the statement is clear in this case. If Z > 1, one 
can show that the shortest non-zero elements of A are contained in <£°. For each element 
A, let 

A = ^2 ai, 

l<i<m 

ai £ &° be an expression of this form with m minimal. We have (ai,Q;j) > for any 
1 < i < J ' < s since otherwise q« + aj G &° and we could find an expression with m 
smaller. Hence, |A| > \ai\ for each 1 < i < m. Therefore, m = 1 and A G <3?°. Let <3?i 
be the set of shortest non-zero elements of A. By the above, $1 is a root system and is 
contained in <3?°. Let A' be the sublattice of elements in A orthogonal to elements in $1 
and be the sub-root system of elements in $° orthogonal to elements in $1. Then, A' 
is determined by A and <&' generates A'. By induction, is determined by A'. Therfore, 
<3?° is determined by A. 

Now we have <3?° determined by A. Since r° acts irreducibly on X, it acts transitively on 
the irreducible factors of 3>°. Hence, $° is an orthogonal sum of isomorphic irredicible root 
systems. Write <£° = mfi where is an irredicible root system. Note that (Bi)° = IB\, 
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(C,)° = D h (F 4 )° = L> 4 , (G 2 )° = A 2 and $° = $ if $ being of type ADE. Hence, 
if O 7^ Ai, then = Xa<?.< m with (3>i)° = $1 for each i. In this case, pr has a 
decomposition 

PT = (^) Pi 

l<i<m 

where p% is the character of an irreducible representation of a simple Lie algebra of type 
Since each pi has dominant terms of coefficient 1, {pi\ 1 < i < to} are determined by 
py. Therefore, we may assume that m = 1. That is, we need to consider the ambiguity 
arsing from the pairs D\ cCj (7 > 3), D4 C F4, C4 C F4 and A2 C G2. This follows from 
some detailed study of the characters of highest weight modules (cf. [LPj . Page 395-396). 
We omit the details here but list the results precisely in the items (2)- (4) of the conclusion 
of the theorem. If O 7^ Ai, then 

{±i} m c r° c {±i} m x s m . 

The action of r° on <3?° gives a partition of {1,2, . . . , m}. This in turn gives a canonical 
tensor decomposition of pr similar as the above for Vt 7^ Ai case. By this it is enough to 
consider the case of T° = {±l} m x S m . In this case the ambiguity is either as listed in 
item (1) of the conclusion, or there is no ambiguity as in item (5). □ 

Remark 11.6. In each item (l)-(4), from the above proof, T° contains the Weyl group 
of the largest dimensional Lie group appearing in the ambiguity, which is Spin(2m + 1), 
Sp(m), F4, G2 respectively, 

Theorem 11.7. Let H±, H2, ■ ■ ■ , H s be a list of closed connected subgroups of G acting 
irreducibly on C n . If they are non-conjugate to each other, then their dimension data are 
linearly independent. 

Proof. By Proposition 13. 161 we may assume that H\, H2,..-, H s have a common maximal 
torus T. Applying Lemma 111.51 we get a canonical tensor decompostion of pt (the 
character of the representation of T on C n ), which in turn gives a decompostion of each 
Hi. Observe that if each item (l)-(4) occurs, the group r° contains a large finite group, i.e., 
the Weyl group of the largest connected compact Lie group appearing in the ambiguity. 
By calculation one can show that the dominant weights 2<5$ are non-conjugate to each 
other under this Weyl group, where {$} are the root systems of groups appearing in 
each item (l)-(4). Therefore, the dominant weights 2<5$. are non-conjugate to each other 
under r°, where ^ is root system of Hi. Hence, the dimension data of H\,H2, ■ ■ ■ ,H S 
are linearly independent. □ 
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